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ABSTRACT

The length of the longest u — v path in a connected graph A is the detour distance D (u, v) for any two different vertices u and v. The
detour D-distance denoted by D? (u, v) and defined by DP (u, v) = max {I°(P)}, where the maximum is taken over all u—v paths P in
A. The detour D —index of A is defined by WP(A) = %ZWEV(A) DP(u,v) = Yuvjcvay PP (u,v). The detour D-index of
several graphs, including the French windmill, Kulli-wheel windmill, lollipop, general barbell, and general modified barbell graphs, is

studied and obtained in this paper. In addition, these graphs’ average detour D-distance will be determined.
https://creativecommons.org/licenses/by-nc/4.0/
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1. Introduction

By a graph A, we mean a nontrivial, finite, undirected, simple,
and connected graph. We refer to> 2 for any unexplained
notations and terminology. A graph A = (V, E), where V(A) or
V is the vertex set of A and E(A) or E is the edge set of 4. A (p, q)
graph A has order p and size g where p = |V (A)] is the order of
A and q = |E(A)]| its size. Degree of a vertex v, denoted by
deg,(v) or more simply deg (v) is, refers to the number of edges
incident to the vertex v.The concept of distance is one of the
essential concepts in the study of graphs. The standard or usual
distance d(u, v) between any two arbitrary vertices u and v of a
graph A is the length of the minimum path connecting u and v.
Many researchers have determined different concepts of
distances as well as ordinary distance, such as Steiner distance,
width distance, signed distance and so forth. In addition to the
usual distance d(u,v) we have detour distance D(u,v)
introduced by Chartrand et al.,”®l, which is the length of the
longest path between distinct vertices u and v. They discussed
the detour distance and its related properties. The restricted
detour distance between vertices u and v in a graph A, denoted
by D*(u, v) or D; (u, v) is the length of a longest u—v path P such
that < V(P) > = P which introduced in* 5. Kathiresan and
Marimuthul®l have introduced the concepts of superior distance
and signal distance. In some of the earlier distances, only the
lengths of various paths were considered. However, Babu and
Varmal” & have introduced the concept of D—distance, d” (u, v)
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between the vertices considering not only the path length but
alsothe degree of all the vertices present in the path between u
and v, the D-length of a u — v path P is defined as the sum of the
length of the path P together with the degrees of u and v and the
degrees of all intermediate vertices of the path P. The idea of
detour D-distance (DDD) and some work-related was first
introduced in®. For u and v, the detour D-distance is depending
on the detour distance between u and v and the degree of vertices
that lie on u — v path. For any connected graph the D-distance
and detour D-distance, are metric on the set of vertices of A which
is proved in[" 10,

In graph theory, the average distance is a crucial parameter,
serving as a key parameter in analytic networks. This metric's
significance lies in the fact that the time required for performance
is directly related to the distance between two points within the
network 4,

In this article, we obtain detour D—-index (DDI) for various
specific graphs, such as lollipop, general barbell, general
modified barbell, French windmill, and Kulli-wheel windmill
graphs. Also, we compute the average DDD of these graphs.

Definition 1.1:[1 For any two vertices u and v in A, the
D —length of a u —v path P is defined as [°(P) = I(P) +
deg(u) + deg(v) + Y deg (w), where the sum runs over all
intermediate vertices w of P and [(P) is the length of the path.

Definition 1.2:*1 The DDD between two different vertices u and

vin A is defined as DP(u,v) = max {I°(P)}, where the

maximum is taken over all u — v paths P in A. In other words,
b _(max{I°(P)} ifu+v

D(u’”)_{o if u=nw.
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The DDI of A denoted by W2 (A), is the sum of all DDDs £(&-1) 3¢ 42
between any two distinct vertices of A, that is WP (A) = 2(3] +0) = 3< >+ (1) = (¢- 1)( Q).
Zuwycva D (W, v).

Definition 1.3:1Y Let A be a connected graph, of order g, then ii.  DP(xp,y¢) =3E+0—1.
the average DDD of A indicated by u5(A) and defined as

1 i . . [ =
1B (A) =(T)Z{u,v}gvm) DP (u, v). Case 4. The DDD between vertices x; and y;, for i
2

3,..,0 and j=1,2,..,& is given by the following two
subcases:

i.  DP(x,y:)=(e-1)(e-2)+3(g+&-1)fori=
2,3,..,0.

2. Detour D —index of some graphs

This section provides the DDD and DDI for different graph
families. Also, their average DDDs are computed. We start with

lollipop graph L, . Thus,

Definition 2.1:1% The lollipop graph L, is a graph generated

by joining a complete graph K,, ¢ > 3, and a path graph P¢, & > Z((Q—l)(g—Z) +3(0 +¢-1))=(e-1)((e-1)(e-2)
2 with a bridge. The graph L, ; is depicted in Figure 1. i=2
+3(0 + &-1)).

Thus,
&-1

e
S5 D (e -Die-2)+3( +)-2)
.L,,./_ _‘3..L£, Jmri=2 -1
= (-1 ) (e -D(e-2)+3(e +)-2))
j=1

Figure 1: Lollipop graph L, ¢

i >
;{I’f;eozrei;n 2.1. The DDI of the lollipop graph L, ;, for all ¢ = 3, = (-1 [(5_1)((0 ~1)(¢ -2) + 30-2)
o 36D _ (e DED

WP (Lye) t—= 5 (20% + 39).

0 &) G-1)? (€+4)
= (§) ™3 () + =5 +-De+D) Hence,
+ 3€+Q—1+(g_ )[(29—2)(9—2)+6(9+€ ~1D+(-1)(20%+39)]. W5 (Log) = Z D (u,v)

{fuvicV(Lyg)
Proof: For any two distinct vertices of lollipop graph(see Figure = WP (k) + Wh (P§)
1), the following four main cases are considered. -
D D
Case 1. Any two distinct vertices in a complete graph K,, o > 3. + Z DP (x1, ) +D° (%1, ve)
Due to the fact that the DDI for the complete graph which is equal (e
to (2)(e?-1). Thus, the DDI for the complete graph K; in the + ZD (xuye) + ZZD (xuy;)
lollipop graph is equal to (2)(0?-1) + (%) = (¢)e?. j=1i=2
©e0+)=(©) e G,
Case 2. Any two distinct vertices in a path graph P;, & > 2. =)0 ; 2
3¢+ 20
Due to the fact that the DDI for the path graph which is equal to +(¢-1) ( 2 ) +38+e-1
2
wl)zﬂ. Thus, the DDI for the path graph P} in the lollipop + (0D ((e-1(e-2) +3(e +¢-1))
§ (e-DE-D
graph is equal to @Dzﬂ + (§-1). + Qf (2% +3%)
-1+ 4

Case 3. The DDD between the vertex x; and all the other vertices = (g) 0*+3 (i) + %
in the path graph P; is given by the following two subcases: +(E)(o+1) + 3¢ + o1

i DD(xl,yj) =3j+p, forj=1,2,..,¢&1 +M[(ZQ—2)(Q—2)+6(Q+5 -1)
Thus, + ¢ 1)(29 +38)].m
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Corollary 2.2. For the lollipop graph L, ¢ forall ¢ =3, § =2,
we have the average DDD

/“‘D(Lef)
_ ¥+ Be+2)§" + (20° 20" + 505)¢ + (e D)(e’ —2)
(e+8+<¢-1)

Proof:
> W (Lee)  2WR(Leg)
b (Les) = (&%) (e+dHe+i
where,
Wl%)(LQ.f)
1
= ((g)gz e3(0)+ D e+ 3

+ Q—l)

((9 )[(29—2)(9—2) +6(0+¢&-1)+ (E-1)(2e% + 35)])

2@2(9) +6(5) + E-D2E +4) +2((E-1)(e + 1) + 3¢ + o-1)

2

+

(e-1)(2¢0% + 352 + 35—2)>

2
(e -1 (2¢0? +3€2+3€ 2)

+

(€3+562+2€(e D+ - 1))
f

+(3@+2)€2+(29 —20% + 50-5)¢ + (e-1) (@3 —2)
2

Thus,
”D(Lqi)
€3+(3e+2)€2+(29 —20% + 50-5)¢ + (0-1)(@? —2)
(e+89+¢-1)

Remark 2.1: For g = ¢,
30* + 03 + 702 —7Q+2

MB(LQ:Q) = Q _ 2Q

Definition 2.2:%1 A general barbell graph B, is a graph
generated by joining two complete graphs K,, and K;, 0,§ = 3,
by a bridge, as a particular case, if o = &, then the resulting graph
is called barbell graph, denoted by B, .

232

L2 Y2

ez,

Figure 2: General barbell graph B, £
Theorem 2.3. The DDI of general barbell graph B, ¢ , for all
0,§=3,is

W (Be) = (D)2 + (3) &+ (04 £+ 1)+ e + 50,

where
P05 = -D[3& +0-1+ (E-1)(-2)]
+ (e-D[30 +¢-1 + (-1 (e-2)],

) and

Do =@ -DE-DBe+¢-1D+(e-1)(e-2)
+ -D(Ev2)].

Proof: For any two distinct vertices of general barbell
graph B, s, 0,§ = 3, see Figure 2, we have the following main
cases.

Case 1. Any two distinct vertices in a complete graph K,, 0 = 3.
Due to the fact that the DDI for the complete graph K,,0 = 3 is
equal to ()(e?-1). Thus, DDI for the complete graph Ké‘”’ in the
general barbell graph is equal to (2)(e?-1) + (8) = (2)e?. And,
the DDI for the complete graph Ké,:"b,f > 3 in the general barbell

graph is equal to (5)(€2-1) + () = ()¢=

Case 2. The DDD of the vertices in different parts is given by the
following subcases:

i.  DP(xyy1)=0+¢+1.

ii.  DP(x,y;) =3¢ +0-1+ (-1)(§-2), forj=2,
3., ¢

Thus,

3
> 0P (x,3) = G136 + -1 + G-1)(E-2).
=2

DP(x;, ) =30+ &-1+ (0-1)(0-2), fori =
2,3,..,0.

il.

Thus,
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Q
> D% Cxi ) = (e-D(3e +§-1+ (e-D(e-2).

iv. DP(x,y)=3(+&-1)+(De-2)+
(é-1)(¢-2),fori =2,3,..,0 andj =2,3, ..., &

Thus,
& o

ZZ DP((x;,y;)

j=2 i=2
= (@ DE-D[3(e +£-1) + (0-1)(0-2)
+E-DE-2)]

Hence,

W5 (Boe) = DP (u,v)
{uv3cV(Byg)

=Wy (Kéqb) + Wy (Kggb) +DP(x1,y1)

¢ e
+ ) DP(2,3) + Y0P (xiw)
j=2 i=2

§ o
+ZZDD(xi,yj)

j=2i=2

- (3) 2+(§)€2+(Q+€+1)
+(E-1D(3¢ + o1+ (E-1(¢-2))
+(e-1D(30 +¢-1+ (e-1)(e-2))

+ (e-DE-D[3(e +¢-1) + (e-1)(e-2)
+ (-D(E-2)]

- (g) 2 +(§)§2 ++E+1) + P,
+ Do,

where

2o¢ = (E-D[3¢ +0-1+ (§-1)(§-2)]
+ (e-D[30 + &1+ (e-D(e-2)],

and

Do = (@-D(E-D[3(e +&-1) + (e-1)(0-2)
+(¢E-DE-2)]. =

Corollary 2.4. For the general barbell graph B, ¢ for all ¢, = 3,
we have the average DDD

:“B(BQ.S)
_ &+ 2o1)EP 2087 + 2(0% 0* + 30)§ + 0% (0-1)
(e+8+<¢-1) '

Proof:

WE? (Be,f) _ ZWDD(BQ,f)
() e+ O+

Hb (Beyf) =

where,

¢

WP (Bye) = (g) e’ + <2) E+@+E+D+Pps+ Do

_ @D +EED+20+E+ D+ 26 -2)(38 +e-1+(E-D(E

2
N (20-2)(30 + &-1 + (0-1)(-2)) + (20-2)(§-1D[3(e + £-1) + (o

2
4 (¢ —1)2(5 -2)
_§'+ (20-1)87 208" + 2(0° 0" + 30)§ + 0% (e-1)
> :
Thus,
”3(39.5)

_ M+ (201)87 208" + 2(0° 0" + 30)§ + 0% (e-1) .
e+O+¢-1) '

Remark 2.2: For g = ¢,

3(e*0*+0)

Hg(BQ) = 2Q—1

Definition 2.3:1 A French windmill graph Fi is the graph
create by taking & > 2 copies of the complete graph k., ¢ = 2,
with a vertex say v, in common, which has £( ¢—1) + 1 vertices
and £(§) edges. The graph of Fg is depicted in Figure 3.

Figure 3. French windmill graph Ff

Theorem 2.5. For a French windmill graph FE, forall &,¢2=2,
we have

wp(F) = ¢(5) (-1 + (s-DE-D)
+() s o,

Proof: For the prove, we consider two parts. For any two distinct
vertices in Ff, we have

Case 1. The DDI for all copies of the complete graph K ., ¢ = 2.
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From the reason that the DDI of the complete graph K is equal
to ($)(¢%-1), the DDI for a complete graph K  has the the same
value (§)(¢2-1), with the including degree of v, for each pair
() ineach copies K which is equal to (¢—1)(§-1). Thus, the
DDI for each copy of the complete graph K£ in French windmill
graph is equal to  ($)(¢2-1) + ($)(s-D(E-1))=(5)(¢*-1 +
(¢-DE-1). That is wp(K{) = (5)(¢*-1+ (¢-DE-D),
for each copy of the graph K%, ¢ > 2. As we know, there are &
-copies of the complete graph K¢, and the DDI for the entire

copies is equal to &($)( ¢?-1 + (¢-1)(§-1)).
Case 2. The DDD for the remaining vertices.

Since we know that all the remaining vertices are non-adjacent,
also from the fact that the symmetry between copies will give the
same value for each remaining non-adjacent vertices which is
enough to find the DDD of only one order pair. So, the procedure
will be completed after finding DDD of only one order pair.
Therefore, for any non-adjacent vertices u and v, we have

DP(u,v) = (¢-1+ ¢-1) + (¢-1) + (¢-1)
+ (ECs-1) +2(s-1)(¢-2))
=(¢-DR2g¢+9).

Also, there are ( ¢—1)? non-adjacent remaining vertices between
any two copies of the complete graph K. Thus, due to the
symmetric property, we obtain that the total DDD of the
remaining non-adjacent vertices is (¢-1)2(¢-1)(2¢+¢) =
(¢-1)3(2 ¢ + &). For that reason, we have a total DDD equal to
(¢-1)3(2 ¢ + &) between any two copies of K. Thus, the total
DDD for the remaining non-adjacent vertices can be expressed as
their combination of copies which is given below. Therefore, for
all the remaining non-adjacent vertices u and v, we have,

DP(u,v) = (6-)(¢-1)3Q2c¢c+ &), fori=1,2,..,§— 1.

Thus,
&-1 $-1
D D@ v = ) G-0(s- D@ +8)
i=1 i=1
-1
= (s-°@¢+8) ) (¢
i=1 4
= (¢-1)*Q2 ¢+ DEE-1) — 5(52 )
- (}) e+
Hence,

wh(FE) = ¢ () (-1 + (s-DE-D)
+() s ro.m

Corollary 2.6. For the French windmill graph Ff forall ¢ &=
2, we have the average DDD
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uB(Ff)
_ (s e—JE) ((¢-DE + (2?2 ¢+ DE + ¢(2-¢))
G(s-D)*+§(s-D) '

Proof:
o iy V(R 2wB(F)
(%) = ey = GG + D D)
where,
wp (Ff )

=< (Zc) (¢*1+(c-D(E-D) + @ (¢-1*Q2¢+8)
(VEs~D) (s(s+8) + E-1)(s-1)(25 + )
2

_ (s o8 ((¢-DE + (222 ¢+ DE + ¢(2-9))
> :

Thus,

KB (<)
_ (s ¢~ ((s-DE + 22 2¢+ i+ ¢2-¢)) .
E(s-1))*+$(¢-D) '
Remark 2.3: For ¢ = ¢,

2¢*(¢-1) +3¢(s-1)°

c(¢-D+1
Definition 2.4:% Let W, ¢ >4 be a wheel graph, the kulli-
wheel windmill graph Wfc+1 is the graph generated by taking
§,& =2 copies W, + Ky, ¢ = 4,and K, is the complete graph of
order 1. With a vertex v, of K; in common. The graph Wfﬂ is
depicted in Figure 4.

1D (Fcc) =

It is clear that |V( Wf+1)| =&¢+1, |E( Wf+1)| =¢B¢—2).

Figure 4. Kulli-Wheel Windmill Graph Wfﬂ
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Theorem 2.7. For Kulli-wheel Windmill Graph W, for all

§>2, ¢=4 wehave

§+1’

wp(ws,,) = f(c+(§))(5(c—1)+fc+c+1)

+ e (}) s +12)-8).

Proof: The prove divides into two cases. For any two distinct

§
vertices in W,,.

Case 1. The DDI for all copies of the graph W, + K;, ¢ = 4.

The reason that the DDI of wheel graph W, is equal to
(5)(5(s-1)), thus, DDI for wheel graph W in W, + K; has
the same value ($)(5(¢-1)), with the including degree of v,
with an included edge, and degree for each pair (ZC) in each
copies W, which isequal to § ¢ + 1 + ¢. Thus, the DDI for each
copy of the wheel graph W is equal to ($)(5(¢-1)) + (5) (€ ¢ +
1+ ¢), which is also equal to ($)(5(¢-1)+&¢+ ¢+1).
Know from W. + K,; we have a vertex v, adjacent for all ¢-
vertices in W, which means we have ¢-new order pairs for each
copy. Thus, we have ¢-new DDD in W, + K;, so beyond doubt,
all ¢-new DDDs equal to 5(¢-1) + & ¢ + ¢+ 1. Thus, the DDI
for each copy of the graph W.+K; is equal to (¢+
(PG + ¢+ ¢+ 1). In other word WP (W, +K;) =
(g + (2‘)) (5(¢-1) + & ¢+ ¢+ 1), for each copy of the graph
W¢+ K;, ¢=4. As we know, there are ¢-copies of W + K,
and the DDI for the entire copies is equal to ¢ ( ¢+

() G- + &g+ ¢+ 1),
Case 2. The DDD for the remaining vertices

Since we know that all the remaining vertices are non-adjacent,
also from the fact that the symmetry between copies will give the
same value for each remaining non-adjacent vertices which is
enough to find the DDD of only one order pair. So, the remaining
procedure will be completed after finding DDD of only one order
pair. Therefore, for non-adjacent vertices u and v, we have

DP(w,v) =(¢+ O+ () + () + (Ec+2(c-D(4)
= ¢(£ +12) - 8.

Also, there are ¢2 non-adjacent remaining vertices between any
two copies of W, + K;. Thus, due to the symmetric property, we
obtain that the DDD of the remaining non-adjacent vertices are
equal to ¢%( ¢(& + 12)-8). For this reason, we have a total DDD
equal to ¢*(¢(¢ + 12)-8) between any two copies of W, + K;.
Thus, the total DDD for the remaining non-adjacent vertices can
be expressed as their combination of copies which given below.

For all the remaining non-adjacent vertices u and v, we have,
DP(w,v) = (§-) ¢*(s(§ +12)-8),
Thus,

fori=12..,§—1.
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-1 &-1
D D2 w) = ) G- §3(5( +12)-8)
i=1 i=1
-1
= (c($+12)43)2(€—1) -
= (o +1D)-DEED -
=(}) s +12-8)
Hence,

wg (Ff) = f(c+(§))(5(c—1>+fc+ ¢+1)
+ ¢2 (i) (¢(§+12)-8).m

Corollary 2.8. For kulli-wheel windmill graph ws

G+ forall ¢ >
4, & = 2, we have the average DDD

¢ € ¢((8% + 126-6) ¢* + (—7¢ + 10) H)
“(W“l) §2¢2+¢¢
Proof:
() ) _aws(w)
st (f ‘2“) s+ DE o)
where,

wp(w) =f<c+(§))(5(c—1)+fc+ ¢+1)
v (f) e 1208
= %(({2 + 128-6) ¢% + (-7¢ + 10) ¢—4).

Thus,

up (W

¢+1

) Ec((6* +128-6) ¢ + ( 7f+10)c4)
§2¢2+&¢

Remark 2.4: For ¢ = ¢,

¢*+12¢3-13¢? +10g—4
¢2+1

(Wg+1 -
From Definitions 2.3 and 2.4, we note that the kulli-wheel
windmill graph Wiﬂ forall & =2 and ¢ = 4 is isomorphic to
the French windmill graph st forall & = 2, thatis Theorem 2.7

is a special case of Theorem 2.5. Using this fact, we get the
following result.

Corollary 2.9. The detour D-index of the kulli-wheel windmill

graphW4+1 and French windmill graph Fg for all £ =2, are
equal.m

Conclusions
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The topological indices for the detour D-distance presented by
researchers Rao and Varmal® are more complex than the detour
distance and the D-distance in finding a relationship between
them and some chemical properties, such as boiling points and
melting points, for graphs similar to chemical compounds, due to
the effect of the degrees of the vertices on the algebraic quantities,
as well as the detour distance between any two vertices.

In addition, we note that the indices topological and average of
the detour distance and D-distance are less than the detour D-
distance.
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