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ABSTRACT

The current work is based on using the transformed harmonic-oscillator wave function for harmonic-oscillator potential within the
theoretical formulation of local-scaling transformation to search theoretically the charge density distributions, elastic CO charge form
factors, elastic electron scattering differential cross sections, and inelastic C2 (0% — 27) at E, = 0.83 MeV and C4 (0t - 4)) atE, =
1.82 MeV Coulomb form factors for 5*Cr in electron scattering process off nuclei. The shell model is applied using empirical Hasper
(HASP)interaction. For the computed inelastic Coulomb form factors, the effect of core polarization is included using the Tassie and
Bohr-Mottelson models. The calculated quantities overall were well-predicted using the adopted theory, indicating the success of the

present work.

https://creativecommons.org/licenses/by-nc/4.0/
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1 Introduction

Properly using the bound wave functions plays a crucial role in
testing nuclear models to search both the ground and higher levels
of nuclei. The experimental data conducted using electron
scattering has great creditability, where the electromagnetic
interaction among incident electrons and nuclear samples is well
known. The nuclear wave functions (WF) typically display a
Gaussian behavior in the central region, transitioning to an
exponential tail at larger radii. This mathematical form reflects
the spatial distribution of nucleons within the nucleus ™. While
harmonic oscillator (HO) wavefunctions offer analytical
tractability, they exhibit a Gaussian decay at a considerable
distance (r), which limits their applicability in scenarios requiring
accurate descriptions of long-range behavior 2%, The WFs
extracted from the Woods-Saxon (WS) potential were
successfully employed to search both ground and higher states in
stable and unstable nuclei 1. While numerical solutions to the
radial Schroédinger equation have been widely employed, a
pioneering approach utilizing the Nikiforov-Uvarov method has
been effectively applied to find a solution to the Schrédinger
equation for the WS potential 11012, Within nuclear models, the
WFs of the transformed harmonic oscillator (THO) play a pivotal
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role in describing the states of atomic nuclei, both stable and
exotic #3171, The THO basis results demonstrated excellent
agreement with empirical data, showcasing their promising
potential. These WFs can enhance the performance of HO WFs
at more considerable radial distances (r), exhibiting an
exponential decay while preserving the central Gaussian
component. An alternative approach involves employing the WFs
derived from mean-field Hartree-Fock (HF)calculations with
Skyrme forces 821, Such an approach is primarily characterized
by its inherent variability in results. The Cosh potential presents
an alternative option for investigating stable and exotic nuclei
[21.22] |n refs. (23291 the Ginocchio potential has been infrequently
employed to investigate the bulk properties of nuclei. This
limitation arises from the potential's complexity, requiring more
than three parameters to accurately reproduce experimental
nuclear size radii and single-nucleon binding energies. The
spherical Bessel and Hankel functions have proven effective in
describing a wide range of nuclear phenomena, making them
essential tools for studying stable and exotic nuclei 25271, The
Hulthen potential in its asymptotic limit has proven to be a
valuable approximation for studying light nuclei 282, |ts
effectiveness in describing the essential features of these nuclei
under asymptotic conditions has led to its widespread use.

In this work, we undertook the theoretical study of the ground and
some excited (C2 and C4) Coulomb transitions for 54Cr in
electron scattering. The theoretical calculations were based on
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using the WFs of THO in the Local-Scaling Transformation
(LST) technique. The configuration mixing was included using
Hasper (HASP) interaction.

2 Theory

In the formulation of LST, the radial WFs of THO are given by
[13]

THO
nl] n/p(r)

Y /o af(r, Yn/ps
= f(r yr/p m) f(r Zr/p m) Rnl(f(r' yn/p’m)' bn/p) (1)

The an, n/p @nd Ry, are the transformed HO and bare HO radial

wave functions. For a single nucleon in Equation (1), the
quantum numbers are n (principle quantum number), [ (orbital
quantum number), and j (Spin quantum number). The n/p
represents the neutron/proton. In Equation (1), the scale function
is given by 41,

3|~

1
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(F) +(yn/p\/F>

For HO potential, their wave functions exhibit a Gaussian
r2

behavior(e 2p%). This characteristic is inconvenient to bulk
properties of nuclei because the radial WFs must behave
exponentially(e ™) at r. An LST is applied to the HO WF, the
so-called transformed harmonic oscillator (THO) WFs, to
achieve such features and diminish such deficiencies. In the LST,
ther’ = f(r) (new coordinate) is put instead of the previous
coordinate 7 is. The function f(r) or LST function or scaling
function has the characteristic of being real, increasing, and
subject to the conditions f(0) = 0 and f (o) = co.Finally, the
new WF is denoted by RZ!(r,b,,) to differentiate it from

RH? (7, by ). The derivative-to-scale function can be written as

f(T', yn/p' m) = (2)

df(r,yg,m)
D
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m m
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The variables m and yx in Equations. (1) and (3) take integers
and real numbers for m and yn, correspondingly. Both variables
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govern the behavior of the HO wave function shape in the
asymptotic part.

For any nuclear species, the proton/neutron density distributions
in pure configuration are derived from [6:%

1 2
Pryp(r) = Ez Onijmsp |RALC (7 By )| 4)
nlj
where Q. represents the occupation  numbers
(proton/neutron number) in the nlj orbit.
The proton/neutron density distributions in  mixing
configuration are obtained from [2:
pcjn(r)
]f 11 THO THO
\/—M—Z Gl 1) REZ  mIRTES L n)
4
Q)

In the Equation above, the X]fb fj/p are numerical values and

represent the transition weight B4, which is yielded by the
Nushell shell model code 321, The symbols a and b represent
the quantum numbers of the single nucleon in the initial and
final states, respectively. In Equation (5), J is the multipolarity
of transition determined from the selection rule. The density
of nuclear charge is evaluated using the folding process for the
proton and neutron densities, as follows 4331

(6)

The size radii of the studied 3*Cr isotope were calculated from
[41-

pen(r) = pch,n('r) + Penp ()

1/2 4 [
o= 5[ puortar %
0

The letter i in the above Equation represents protons, neutrons,
and nucleons.

In the Born approximation, the longitudinal form factor for the
scattering of electrons in the first order is provided by 3134

Fin(@ =3 [ Zally 05 (a.3) [0 f2(@ ®

In Equation (8), the £, ;,(q) stands for the charge form factor of
a single neutron/proton 839, Besides, the longitudinal transition
operator is provided by B

= f]](qr) Y]M] (Qr)ﬁn/p (F)d‘? (9)

The density operator p,,, (7)), spherical harmonic oscillator
(Y]M] (©,.), and spherical Bessel function (j;(qr) are described
in ref. 3%

OJCM,(q'n/P)
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The relationship between single-nucleon matrix elements and
many-nucleon matrix elements in Equation (8) is given by (1

{rllof @, n/|l7)

Jil g

= Z Xa,b,zf7/n
ab

]f JiJ
abn/p

(b,n/p||0F (q,7,t)||a n/p) (10)

The x in the above Equation is given by B11:

)

Julgd <]f| |[cl;tz ® Ea,tz]]|
abn/p \/m

in Equation (11) can be written in terms of

(1)

Jidg.]
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(12)

In Eq. (12), the ( ) is the 3j-symbol, and )(F elpUT=01) 4

the weight of transition in isospin formalism (T =0/1);T =
0 is isoscalar, and T = 1 is isovector.

The Coulomb form factor for any multipolarity J was
accounted for by:

4T | )
= | ianpenrar

0

F],ch(q) (13)

For J = 0, The charge form factor is Fourier transformed to
the ground state distribution of charge. With the Born plane
wave approximation, the scattering cross-section of scattered
electrons can be expressed in terms of the square of charge
form factor [€],

(da) _ (da)
dn exp. dn Mott

The (d—c) stands for the elastic relativistic scattering cross-
dQ/ Mott

|F, ()| (14)

. . d .
section of electrons from a point nucleus. The (—c) gives
dQ/ Mott

the relationship between the scattering angle and the energy of
the incident electron and is based on the Coulombic interaction
between the electron and the nucleus:
(da) Z*a?(hc)? [1 52 (9)] (15)
—-— =———|1—-p*sin

d-Q Mott

4E2 sm”‘
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where 8 = g is the Lorentz factor.

For inelastic Coulomb transitions (J = 0) with different
parties, the selection rule becomes m;.m; = (—1)/*1. In Eq.
(13), the transition density of charge p; ., (') is separated into

two parts: one for the model space and the other by the core
polarization (CP) B4, i.e.,

(16)
The p&r () in Eq. (12), is evaluated using T B¢ and B-M [7]

Peny (1) = Pévflz?] (r) + pE’I:’] )

models as follows:

d
Py (r) = Nor /™ pen (1) (17)
CP,B—M _ d
Pchy (r) = NB—ME,DCh(T) (18)

The Nr_uy in Equations (17) and (18) are accounted to
produce the experimental reduced transition probabilities.
Away from the theoretical details, the following two formulas

were used to computeNr(z_u:

[@1i+DB(CLI=TF)- Iy T2 oM (ryar

= 19
T f:o T2]+1dpg;(r)dr ( )
N / @]+ DB(CLIi=T )~ [y rI*2pMS rar 20)
BM)V — fooo r]+1dp2};(r)dr

where B(CJ,J; > Jf) are numerical values called reduced

transition probability taken from experimental measurements (4%,

Finally, the p; MS (r) in Equation (16) is evaluated from the

active nucleons in the selected model space, as follows [

Pc1 n/p(T) =
] Ji ]
4n\/m2ab a};n/p(l Rl nalaja,%(r)Rnblbjb—(r) (21)

Finally, the experimental CDD for *Cr was taken from the
Fourier-Bessel model independent (8]

p(r) = {Zv ayjo (Vm)
0

forr <R

22
forr >R (22)

Subject to normalization condition, 4w fomp(r)rzdr = Ze.
The values of Fourier-Bessel coefficients and cut-off radius
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(R) were taken from ref. %81,
3 Results and Discussion

Adopting the nuclear shell model requires a computationally
cumbersome, large model space, especially for fp-shell nuclei.
Therefore, a reduction in the model space is required. As a
result of that, the HASP interaction ¥ was chosen for the 54Cr
nucleus with 28Si,, as a core. The model spaces for HASP
interaction are 2s; ,1d3,,1f7/22p3,, subshells. In >*Cr, there
are 28 nucleons; such a

number is tedious in fulfilling the shell model calculations;
therefore, to facilitate the calculation, it is preferred to reduce
the model for such a large number of nucleons using HASP
interaction and model space. The run of the nuclear shell

model Nushell %2 is used to obtain the X, "'’ The Nushell

code uses HO, WS, and HF WFs; besides, many empirical
effective interactions were included in the library in the
Nushell code. In parallel with the shell calculations, the wave
functions of modified HO WFs are used instead of the HO
basis.

The best-fit occupancies, parallel with the wavefunctions of
transformed HO WFs, were used instead of the HO basis to
probe the ground state properties (the elastic charge densities,
form factors, and differential cross sections) of 54Cr. The
THO and occupancies were selected to generate the available
empirical size charge radii.

The spin and isospin quantum numbers, parity, and parameters
of modified HO WFs are presented in Table 1. The b,,, m, and
¥p Were fixed to produce the experimental rms charge radii.

The occupation numbers from configuration mixing using
Hasper (HASP) interaction for %*Cr are tabulated in Table 2.
The adjusted occupancies for >Cr are presented in Table 3.
For the fixed parameters in Table 1 and adjusted occupancies
presented in Table 3, the computed charge size radius is shown
in Table 4.

In Table 5, the calculated excitation energies are presented and
compared with experimental values. It is seen that the
computed first 21 and 47 for 54Cr using HASP interaction are
overestimated and underestimated predictions in comparison
with experimental values. This is attributed to the potential
that failed to produce the data, knowing that deviation
increases with increasing Jand their higher sub-transitions J,,.

In Figure 1(a), the theoretically searched charge density is
displayed by a solid curve for %*CrThe dotted symbols
represent empirical data taken from[8l, It was noticed that the
outcome matched the empirical data. In Figure 1 (b), the
elastic form factors for 5*Cr are portrayed by a solid curve
using adjusted occupation numbers. The dotted symbols
represent empirical data %], It was also noted that the outcome
matched empirical data well. Finally, in Figure 1(c), the
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calculated differential cross section was depicted for >*Cr. The
theoretical calculation was based on using adjusted occupancy
numbers. The dashed, dashed-dotted, and solid curves
represent the calculated differential cross sections with
incident energies of 200 MeV, 398.2 MeV, and 401.6 MeV.
correspondingly. Empirical data are presented by triangle
symbol 200 MeV, plus symbol 398.2 MeV and dotted symbol
401.6 MeV. The results are a perfect match with the
experimental data [,

For inelastic Coulomb form factors, the theoretically studied
Coulomb transitions were depicted in Figure 2 for %Cr,
respectively. The calculations took into account the
contribution of CP. In the present work, the CP was calculated
from three macroscopic models: B-M and T models. The long
dashed and solid curves correspondingly for the B-M and T,
figures 2 (a) and (b) for 5*Cr represent the transitions: 0% —
27 (E,=083MeV) and 0T - 47 (E, = 1.82MeV),
respectively. In general, it was found that the results of B-M
were better than those of T. It is worth mentioning that with
the dominance of small deformation, the B-M model
elucidates the laboratory data, unlike the T model, which
succeeds in nuclei with large deformation. The *Cr nuclei are
even-even nuclear samples. Therefore, one expects small
deformations due to the high stability of such nuclei.

Table 1: Total spin, isospin, and the parameters of THO for 5Cr.

2Xn JrTH) b, m Yp

Cr 0+*3 1.662 10 2.544

Table 2: Proton occupation numbers (©,,;,, ) from Nushell code run for
54Cr.

Xy Cr
15150 2.0
O1p3/2p 4.0
@1p1/z.p 2.0
@1d5/2,p 6.0
@1d3/2,p 2.920
Q25450 1.456
O1f7/2p 3.762
(O)Zpg/z,p 1.856
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Table 3: Adjusted Proton occupation numbers (@, ) for >*Cr.

Xy %Cr
Q15100 1.9
O1p3)5p 4.0
O1py)5p 2.0
O145),p 6.0
O145,,p 4.0
Q25,50 1.2
O1f7/20 4.9

Table 4: Evaluated rms proton and charge radii for 5Cr nuclei.

Calculated Exp.
AX Calculated 1'2 1/2
ZAN ( p) (rgh)l/z (rgh)l/Z[SB]
sicp | 2410 3.689 3.689(4)

Table 5: Calculated and empirical 2f and 41 energy levels for 5Cr
isotope.

%Xy | JIT = J§T | Calculated E,(MeV) | Empirical
E,(MeV) 40
0t >2f | 1.183 0.83
54CI‘
0t - 4f 0.539 1.82
Conclusions

In the electron scattering process off nuclei, the charge density
distributions, elastic charge structure factors, elastic
differential cross sections, and inelastic C2 (0% — 2f) atE, =
0.83MeV and C4 (0% — 4f) at E, = 1.82MeV Coulomb
form factors for 5Cr were theoretically searched using the
transformed harmonic-oscillator within the theoretical
formulation of local-scaling transformation. The computed
quantities were well-predicted and were an acceptable match
with empirical data. It is recommended that such a basis be
used to search for nuclear bulk quantities.
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Figure 1: The calculated and empirical data were depicted in (a) for charge distribution, (b) for elastic CO charge structure factor, and finally in (c) for
elastic electron scattering differential cross sections.
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symbols represent the theoretical Tassie, Bohr-Mottelson models and experimental values, correspondingly.
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