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ABSTRACT

As it famous, the solvability of any mathematical problem play an essential role by many investigators whose interest in the numerical
solution for such mathematical problems. Because it gives these investigators the green light about the ability to solve such problems
numerically. Various types of real life issues are described mathematically either by ODEs or by PDEs. The solvability for these types
of problems (ODEs and PDEs) are studied usually in finite dimensional space, and are studied in infinite dimensional space (Hilbert
space) rarely. In the recent years, the interesting for studying more general type of PDEs (system of PDES) began arise, especially in
infinite dimensional spaces. For these reasons, this work is devoted to study the solvability (in infinite dimension) of couple elliptic
partial differential equations (CEPDES) with four different types of boundary conditions (BCs): Dirichlet (DBCs), Neumann(NBCs),
Robin(RBCs) and Mixed BCs(MBCs). The weak formulation (WF) for each problem according to the type of each BC is found. The
existence and the uniqueness of the “couple” solution for the issues proposed (the CEPDEs with every kind of BCs) is proved by
employing the Lax-Milgram theorem (LMTH) by using the Poincare-Friedrichs inequality (PFI) in the cases of homogenous BCs (HBCs)
and through using the generalization PFI (GPFI) and the trace Operator (TRO) in the cases of nonhomogeneous BCs(NHBCs). The
results were obtained in this work give the green light to the researchers about seeking the numerical solution for these types of problems.

https://creativecommons.org/licenses/by-nc/4.0/
Keywords: Lax-Milgram Theorem, Weak Formulation, Couple Elliptic Partial Differential Equations, Dirichlet Conditions, Neumann Condition,
Robin Condition, Mixed Boundary Conditions.

diffusion [71 heat transfer %, and the interaction for
electromagnetic radiation and mechanical waves with the Earth’s
surface 1, besides to compute the mechanical wave modeling,
electromagnetic 21, The study of solvability PDEs represents a
cornerstone to the study of numerical solutions of these PDEs. It
plays a significant role in formulating and implementing
numerical methods, and it ensures the convergence to the
solution. Also, the solvability has a direct influence on the
stability of the solution resulting from a numerical method, and it
avoids unreliable solutions form emphasizing the necessary of
well-posed problems.

1 Introduction

Many real-life problems in various and different kinds of sciences
like fluid physics [, vibrations of solids 1, quantum mechanics
B3, the flow of fluids ™, the spread of heat Il the structure of
molecules [, the interactions of photons and electrons 7], and the
radiation of electromagnetic waves [ the description of
perturbations of the pressure and radius in arterial blood flow [
are described as mathematical models that are usually represented
by ODEs or PDEs.

In addition, differential equations also play an essential role in
many field of sciences like as; modern mathematics and their
analysis [, qualitative theory I, finance %, optimal control
theory [31 and recently, machine learning (ML) 4. Hence, the
numerical solution for PDEs became a fundamental task for many
investigators to solve different complex mathematical problems
(331 and complex physical phenomena like wave propagation 2],

As a result, for the above studies, this paper is devoted to study
the solvability (in infinite dimension) of the proposed CEPDEs
based on LMTH with different types of boundary conditions
(BCs), Dirichlet (DBCs), Neumann(NBCs), Robin(RBCs) and
Mixed BCs(MBCs). The WF of the proposed CEPDEs with each
of the four types of BCs was found at first. Then secondly, the
existence and uniqueness of the solution to each WF are
. i demonstrated by using the LMTH Y under suitable assumptions
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BCs(NHBCs) for each type. This study is very important since it
has a significant influence on ensuring the solvability for
interesting and complex mathematical issues in 22?7, besides the
other natural problems.

Many real-life problems in various and different kinds of sciences
like fluid physics M, vibrations of solids P, quantum mechanics
Bl the flow of fluids [, the spread of heat P, the structure of
molecules [9, the interactions of photons and electrons [}, and the
radiation of electromagnetic waves [, the description of
perturbations of the pressure and radius in arterial blood flow [
are described as mathematical models that are usually represented
by ODEs or PDEs.

In addition, differential equations also play an essential role in
many field of sciences like as; modern mathematics and their
analysis 1%, qualitative theory !, finance ™%, optimal control
theory 31 and recently, machine learning (ML) 4. Hence, the
numerical solution for PDEs became a fundamental task for many
investigators to solve different complex mathematical problems
(331 and complex physical phenomena like wave propagation [2¢],
diffusion [71 heat transfer [*¥, and the interaction for
electromagnetic radiation and mechanical waves with the Earth’s
surface %1, besides to compute the mechanical wave modeling,
electromagnetic 1, The study of solvability PDEs represents a
cornerstone to the study of numerical solutions of these PDEs. It
plays a significant role in formulating and implementing
numerical methods, and it ensures the convergence to the
solution. Also, the solvability has a direct influence on the
stability of the solution resulting from a numerical method, and it
avoids unreliable solutions form emphasizing the necessary of
well-posed problems.

As a result, for the above studies, this paper is devoted to study
the solvability (in infinite dimension) of the proposed CEPDEs
based on LMTH with different types of boundary conditions
(BCs), Dirichlet (DBCs), Neumann(NBCs), Robin(RBCs) and
Mixed BCs(MBCs). The WF of the proposed CEPDES with each
of the four types of BCs was found at first. Then secondly, the
existence and uniqueness of the solution to each WF are
demonstrated by using the LMTH P under suitable assumptions
with the help of the (PFI) in the case of homogenous BCs (HBCs)
for each type and through using the generalization PFI (GPFI)
and the trace operator (TRO) in the case of nonhomogeneous
BCs(NHBC:s) for each type. This study is very important since it
has a significant influence on ensuring the solvability for
interesting and complex mathematical issues in 2271, besides the
other natural problems.

2 Basic Concepts

This section includes some definitions, theorems and lemmas that
interest in our work.

Definition2.1 8: Let Q c RN be an open setand let 1 <p <
oo the Sobolev Space WP (Q) is the space of all functions u €
LP () whose distributional first-order partial derivatives belong
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to LP(Q2); that is for all i=1,2,...,N there exists a function
gi € LP(Q2) such that:

a6
u—

0% dx = — [, g;6 dx ,forall 6 € c°().

The function g;is called the weak partial derivatives of u to x; ,
. ou
and is denoted — .
axi

Theorem 2.2 (LMTH) 1: Assume V is a Hilbert space, a(.,.)
is bounded and V-elliptic bilinear formon V, L € V*. Then, there
is a unique solution to the problem.

u€evV, atu,v) =1l(v), Yvev.

Lemma 2.3(PFI1) 21 For any Lipschitz bounded domain @, there
isaconstant c(Q2) > 0, which depends only on the domain Q such
that [ |yl* dx < [ |Vy|* dx, Yy € H3(®).

Lemma2.4 (GPFI) °: LetQ c RN be Lipschitz bounded
domain, and let I, ¢ I' be a measurable set such that |I;| > 0.
Then there exist a constant c(I';) > 0, which is independent of
y € H'(2), such that IyllF ) < c@DU,IVyI? dx +

(fyds)" ,forall y € H ().

Theorem 2.5(TRO) B%: LetQ c R? be a Lipschitz bounded
domain, then there exists a linear operator (TRO) T,: H(Q) -
L2(I), s.t.

Tou = uyr if u€ C*(Q), and [IToull 2y < crllullyr(g

For a suitable constant ¢, = ¢,.(Q,d); Tyu is called the trace of u
onT.

3 Description of the Proposed Problem

Let O c R? be a Lipschitz- bounded domain with boundary I' =
dQ; consider, the following CEPDEs with HDBCs:

Ay + Biyy + ¢ (0)y, —d )y, = f1(x), 1)
Azy, + Byy, + ¢ (0)y, + d(x)y, = f2(x), 2
y1=0 on T, 3)
¥y, =0 on T, 4
a a a
where Ay, = — lz,j=1a_xi(azij(x) a_zj) By, = %i-q by (x) a_ZE’

- - 2
1=12,y=0uy), X=(x1,x;) EQYE (Hg(ﬂ)) , filx) €
LZ(Q), and ali}-,bli,cl, de Lw(.Q), Qyij = ayij > O,bli = ﬁlij >
0,c,=0,d =0.

3.1 The WF of the Proposed System
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The WF of ((1)-(4)) is obtained by integrating both sides of ((1)-
(2)) after multiplying them by the test function v; €V =
HY(Q), (i = 1,2), resp., and then applying the generalized
Green’s theorem for the terms which have the derivative of 2"
order with employing ((3)-(4)), once get

dy, Ov 0y,
fZL] 1a11] axl axld +f Zl IbIL(x) vldx+

Joc1()yrvidx — f d(x)y,v,dx = fﬂf1v1dx, Vv, € Hy (1),
()

and

0y, 0
ng?,j:l aZL} 63;2 6172 d + f Zl 1 bZL(x) vzdx +
Jo 2y v2dx + fnd(x)ylvzdx = fﬂfzvzdx, Y, € H} ().
(6)

Equalities (5) and (6) can be also expressed as

a;(y1,v1) + bi(y1, v1) + (1y1,v1)q — (Ay2,v1)0 = (f1, Vi),

)
a; (2, v2) + by (32, v2) + (C2¥2,V2)q + (dy1, v2)0 = (f2, V2) 0.
(8)
By collecting (7) and (8)
a; (1, v1) + by (y1,v1) + (Y1, v1)q — (AYa, V1) +
a, (2, v2) + by (32, v2) + (€22, v2)0 + (dy1, v2)q =
(fuvDa + (f2,v2)q0 .- )
Or
a(y,v) = F(v), (10)
where

a(y,v) = a;(y1,v1) + by(y1,v1) + (c1y1, V1) — @Yz, v1)g +

Ay (¥2,v2) + by (V2,v2) + (€2¥2,V2)a + (dy1, V20, (10a)
F(®) = (fu, vi)a + (f2, v2)a (10b)
with
a(y,v) = Zi2,j=1 alij(x) Z_ﬁg—z NN

zzlbu-(x)z—z:vl, 1=1.2. (10¢)

3.2 Solvability of the CEPDESs
The following theorem deals with the solvability of WF (10).

Theorem (3.2.1):

Muhsen et. al. Passer 7 (Issue 1) (2025) 452-461

The WF (10) of the CEPDEs has a unique couple
solution(COS) 3 = (y,¥,) € (HA(D)’.

Proof: The proof will be upon using the Theorem 2.2 (LMTH),
and it starts by checking the coercivity of the a(y, ¥) in the LHS
of (10), as

a(y,y) = a;(y1,y1) + by (v1, ¥1) + (e1y1, Y1) — (dy2, y1)a +
a;(¥2,¥2) + by (¥2,¥2) + (€2¥2,¥2)0 + (dy1, ¥2)a

0y, 0
a(}"}’) f Zz] 1a111(x) - yld +
ng%:l by;(x) a_zlilﬁdx + fﬂ Cl(x)Y13’1dx +

fZl] 1a211( )ayzayzd +f Z 1b21(x) y2y2dx+
fQCZ(x)yZyZdXV

Since a;; = ay; >0, (V1,i,j=1,2), with setting ‘;—zlf vy, =

22 (y,2), in the second and fifth terms, i.e.

> 3]
a(y,y) = au;Z 1f | n*
i2=1f b1i(x) Ea_ (}’12)dx + fg c1 () |y |2 dx +
a a
Az i yz dx + ¥, fQ bzi(x)%a_xi()’zz)dx +
fﬂcz(x)lyzl dx : (11)

Letting @ = min(ay;), V [,i,j = 1,2, then using integrating by
parts in the second and fifth terms on the RHS of (11), to get

ik

ay1|?

a(ﬁf')Za(flf o d+z 1f|53’2
f(cl(x)_i i21(;bu) |y1| dx+f (cz(x)_

ab
Zl 1 axm) |J’2|2dx-

Choose b;; and ¢; for [,i = 1,2 such that the following is held

c,(x) —% z 1?” >0, x€Q, (12)
which gives

> Ay; I 1
a(y! ) az =1 ” yl”( Z(Q))z' ( 3)

Then by virtue of the Lemma2.3 (PFI), to get

G = ET Il e (14)

()

Summing (13) and (4), letting C, = min(a, =), one has
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a(,7) = Co Xiza( ||yl||z — ||Ayi||ELz(m)z) =

CoXi=1 ||Yi”H6 .

Hence

a(3,y) = Gllyll? | - (15)

(3 (@)

Also, since a;;;(x), by; (x), ¢, (x),d(x) € L*(2), VI, i =1,2,s0it
flows

ay, 0 oy, @ .
|f92?,j=1 a;;j (x) a—ﬁﬁdﬂ <Y |fgfzz§vjldx| , Wwith
W= [naX|alij(X)| ) (16)

XEQ
[ X 1bu(x) Uzdx <Y fﬂ Vzdx , with g, =
ax
max|by; ()] , (17)
o cCOyvi| < @[, yivy dx|, with @, = %%X|Cz(x)|, (18)

| dC)ys-v1] < ] fy y3-rvi x|, with 1, = maxld ()], (19)

Then, by inequalities ((16)-(19))

N dy; ov
la(y,P)| < X4, Zi2,j=1 H fﬂ axl axl

Yi z_:i2,j=1 I |fﬂz_i:”z dx| + X7 @ [y dx| +
212=1 ﬁzlfﬂ V31U dx|.

dxl +

By the Cauchy —Schwarz (CS) inequality *!1 | one gets
1 1

R ay 2 2 v 2 2
la@, D) < u ?,,-=1(fﬂ o dX> (fn o dx) +

1
ayz|? , \? |\
<f— ) (2] «)
1
= 1 1
(f |0y1 dx)2 + (f |y11? dx)? ([, lv1[dx)? +

1 1
(f 2| dx) (f v, |? dx) + (fgb’2|2 dx)z(fnlv1|2dx)2 +
(.{Qlyllz dX)z(fQIUZI dx)z} ’ ,Lt = max{#z: .all ﬁl!ﬁl}l le = 1:2,

1
1
dx) X
1

2 1
dx) + L ([ ly2? dx)? +

9y1

la@ NI < p| (U, Iyllzdx) +X5- 1<

ovq 2
0xi

(plvalax): + 32,24 (1,
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s
an

1
(fnlvzlzdx)2 +

1
2 2
dx)

v, 2

axi

e (1

e (o
(Sl ? dx)?(Jylva )7

dx)E + (fﬂlyzl2 dx)%(fglvllzdx)% +
(20)

The RHS of (20) can be rewritten as

9

1
2 2
dx} X
1

dx }2 +4u {fﬂl)/Zl2 dx +
E 1
dx} {f |v,|? dx + Y2 1f }z
1
+u (foy2? dX)Z(fgllalde)2 +

1 1
ll(fn|3’1|2 dx)z(fn|vz|2dx)2 <4u [”)’1”1-13 (Q)”V1”H& ONa

121l caplv2lig con ] + illy2llg oo 1o llg o) +

00,901 <t { s + 55,

vy 2

{olviax + 524 [, |2

a7, * avz

K g o172l o < 21T 2191 o

So, by letting p = 10y, one concludes that

a9 0 17N 190 ) (21)
It is clear that F(¥) in the RHS of (10) is a linear functional on

(H(}(Q))z. It remains to show that it is bounded, so by the CS
inequality

IF@)I = X[ vdall
< SEAlACON 2@ llvill2 )]

<Yiivillvllizl 1AGz@) < vy = max(yy),
vi=1,2
<vlv ||( (22)

LZ(Q))Z S ]/”v ”(H& (Q))Zl

Then, by the Theorem2.2, the WF (10) has unique COS y =
2
1, y2) € (Hé(ﬂ)) .

Corollary (3.2.1)

The WF of the CEPDEs ((1) -(2)), with the following
nonhomogeneous Dirichlet BCs(NHDBCs)
on T,

Yi =01 (23)
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Y2=9, on T, (24)
Has a unique COS §=(y.,¥,)€ (Hl([z))z,

9:1(x), g2(x) € L*(D), g = (91, 92).

where

Proof:
Consider, W = (wy,w,), w € (H2(Q))*, s.t w=g on T.

LetZ = (z,,2,) € (Hé(!)))z, and y =w+ Z, then problem
((1),(2)) with the NHDBCs (23),(24) are equivalent to:

a 0z oz
i2,j=1 9% (alij (x) i) + Y7oy byi(x) a_xli +c1(x0)zy —

d(x)z, = hy(x), (25)
= Shjer (0200 22) 4 By b () 22+ ()2, +

d(x)z, = hy(x), (26)
z,=0 on T, 27)
z,=0 on T, (28)

a
Where by () = fi(3) + Zjo1 o (0200 522) -
f=1 by () a—xl —a(w, + (-D'd()w;, VI =12
The WF which results from ((25)-(28)) is similar to the WF (10)
with two different, the first one of them is that z; (for [ = 1,2)is

instead of y; in the LHS, and the second is that the RHS will be
in the following form (vv, € H}(2),l = 1,2),

(h1,v1)o = (f,v1)a + a;(wWy, v1) — by (wy,vy) —

(cyw1, v1)q + (dwy, v1)q (29)
(h2,v2)q = (f2,v2) + az (W, v3) — by(Wp, ;) —

(caw, v2)q — (Awy, v2)q (30)
Collecting (29) and (30), gives

H() = (hy,v1)q + (hy,v2)q, (31)
i.e

a(y,v) = HW), (32)

In this case, to apply Theorem2.2, it is enough to show that the
RHS of WF (32) is continuous. To do this, the absolute value for
both sides of (31) is taken, to get

[H@)| < T [ v)al + lay(wy, v)| + |by(wy, v)| +
[(cw, vl + [(dws_, v)gl] = [F(@)] + la(@, )|, (by using
(10a) and (10b)).
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Then, by applying the results in (21) and (22) with w instead of
y to get

|[H@)| < yllv II( y +p IIWII(H

HE @) t@) "v”(H& @)

Since ||w]| 2 < A, then the above inequality gives

(Hd @)

|H®)| Sfllﬁll( )z,Where)7=V+Pl- (33)

Hg (Q)

By Theorem(2.2), the WF(32) has a unique COS Z = (z,,2,) €
(H&(!)))Z,thus there is a unique COS ¥ = (y,,¥,) € (Hl(ﬂ))z,

4 Solvability of the CEPDEs with the NBCs

In this section the solvability of the CEPDEs with Neumann BCs
(NBCs) is studied.

Theorem (4.1)

The proposed CEPDEs ((1)-(2)), with the following
nonhomogenous NBCs (NHNBCs)
1 _ 52 ed) = r 34
an, b=t Qyij ax; COS(npxj) =g.0n 1, (34)
D2 _ g2 972 = r 35
an,  2ii=1%2ij 5 cos(ng,x;) = g;on T, (35)

Has a unique COS ¥ = (y,,%,) € (HX(®))” with (g, 9,) €
(L*(r))?and n, (for £ = 1,2) is an outer normal vector onT and
(ng, x;) is the angle between n, and the x; — axis.

Proof:

The WF, which results from ((1)-(2)) with the NHNBCs (33)-
(34)) is similar to the WF (10) with one difference that the RHS,
in this case becomes

F()= 212:1[f9fl(x)vldx + f[‘glvldy]’ Vv, € H' (). (36)
Hence, to apply the LMTH, and since the a(y,?) in the LHS
of(36) is the same as in the LHS of (10), and the coercivity and
the boundedness are proved there, it remains to prove the RHS of
(36) is bounded, so by CS inequality and the trace
“operator(TRO)(Theorem?2.5),”

[F@D)| < Tl vdal + 1(gs vrl] <

[l Oz lvill 2y + 119 Ol 2y llvill 2y ] <
Yalullvillyry + Amillvillyrgyl - where [IfiGOll2q) < m,
lgCOollzry <im <C |IvII(H1(m)z ,  Where (=

2max (uy, 1) 37)
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The proof is complete.
Remark 4.1: If the NBCs ((34)-(35)) are homogeneous, then the

RHS in (37) will be similar to (22) and is proved by a similar way
which was used in the proof of Theorem 3.2.1.

5 Solvability of the CEPDESs with the RBCs

In this section, the solvability of the CEPDEs with the RBCs is
studied.

Theorem (5.1)

The proposed system in ((1)-(2)), with nonhomogenous Robin
BCs (NHRBCs)

ay
a1y +L =y + Xf o1 Quij = Ix COS(’H:X;) =g, onT,
(38)
2
axy,; + %2 =y, +
)
7io1 Qo ay cos(nz,xj) g, on T, (39)
Has unique COSy = (y,,y,) € (Hl(fz))z, with g, 9, €

L*(T) and a;,a, > 0, and n, , (for £ = 1,2) is as defined in
Theorem 4.1.

Proof:

The WF of the CEPDES ((1)-(2)) with the NHRBCs is obtained
by multiplying both sides of ((1)-(2)) and ((38)-(39)) by the test
function v; € HY(Q), (i = 1,2), resp., then applying the
generalized Green’s theorem for the terms which have the 2™
order derivatives, once get:

9y 9vy

ox 0%, - dx +f0(1y1v1dy+

fZl] 1 11]

fQ Yio1 by (x) aixtlﬁdx + fg c1 () y1vidx — fn d(x)y,vidx

= fnfﬂ’ldx + fl—glv1d% Vv, € H'(Q). (40)

dy, dv.
fZU 1 21]62 2dx+fa2y2v2dy+

fQZi:l byi(x) alxjvzdx + fﬂ 2 ()Y, vpdx + fQ d(xX)y,vpdx =

fgfzvzdx + frgzvzd]’, Vv, € H'(Q). (41)
Equations (40) and (41) can be expressed also as

a;(y1,v1) + (@y1, v)r + by (¥, v1) + (€11, V1) —
(dy2,v1)o = (fi, v1)a + (9, vOrs (42)

and
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a; (¥2,v2) + (@2Y2, V2)r + by (12, v2) + (€Y7, 12)q +
(dy1,v2)q = (f2,v2)a + (g2, V2r,s (43)
Adding (42) and (43), to obtain

a; (1, v1) + (@Y1, vOr + by (1, v1) + (€1Y1, V1) —
(dy2,v1)q + a2 (¥2,v2) + (@22, v2)r + b (32, v) +
(c2y2,v2)0 + (dy1,v2)q = (fi,v1)a + (G, v)r + (f2,v2)0 +

(g2 v2)r - (44)
Or
a(y,v) = F(v), (45)

where a(y, v) = a; (y;, v1) + (a1y1, v)r + by (y1,v1) +
(c1y1,v1)a — (@Y, V1) + a2 (V2, v2) + (@Y, v2)r +
by (Y2, v2) + (€22, V2)q + (dy1, v2)q,

Wlth al(yl, Ul), bl(}’l: Ul) are as deflned |n (10'C), (alyl, Ul)l" ==
Joayvdy, 1= 1,2, and F(¥) is as defined in (36).

Now, the proof of the coercivity and boundedness of a(y, ¥) in
LHS of (45), as follows

> > 0y, 0
a(¥,y) = IZU Ly S yldX+f ay y dy +

Jo 3 by () 22 ox Yadx + fn cl(X)ylyldx — Jo d(X)y,y1dx +
a 6
f Zl} 1 21] ayz yj dx + fp az)’z}/zd)/ +

Jo X1 by (x) a%j}’zdx + [ c2(0)y2y2dx + [, d(x)y1y,dx .

Setting % y = ;%(ylz), [ = 1,2, for the third and eighth
terms, then it becomes

ay1|?

a(,y) = & Xy Jy | dx + & [ily.1* dy
+X5 fﬂ b1i(x) 2 a_xi()ﬁz) dx + fﬂ c1 () |y, dx +

2 ayz |2

Cs

+ Zz=1 fQ by (x) %

dx + ¢, fp|)’2|2 dy

aixi(yzz) dx + fﬂ CZ(X)|y2|2 dx. (46)

By using integration by parts on the third and the seventh terms
in the RHS of (46), we obtain

a
0@ 2 65k [ |2 dx+czf|y1| dy +
L a L
2y f |y1|2 ar + |, (q(x) — 332, 5) Iy lPdx +
a
C4f|)’2| dy + ¢é; f| 2. * dx +
dby;

bl
i=1fr% |y2|2dy+fg(cz(x) -3 ;

=1 6xi

)ly2l2dx. (47)

Using (12) in (47) and b;; = Ofor I,i = 1,2, then (47) becomes
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33’1 aJIZ

a(y,y) = ¢ dx + ¢3 1f

sz|Y1| dV+C4f|J’z| dy ,
= Co(XE 1f IVy|? dx + X7 1f lyl>dy) , 7 =min(&,¢),
CO min (cll C3, T) (48)

Now, from the assumption on Q, let I'; < T be a measureable set
with |[3| > 0 then by Theorem2.4, there exist constants

0,(I}), 0,(T;) > 0 which are independent of y € (Hl(ﬂ))2 s.t.
a(3,9) = Co(Ti, fQ|VYi|2 dx + X7, fl"lyilz dy)

=03 (X} 1f |Vy|? dx + X7 1f |y1|2 dy) =2 0’3”3’”? 1(0))2,
= CO min(o-]_, 0-2). (49)

On the other hand, since a;;;a; € L*(2) for (VI,i = 1,2) then

|f1—Z£1 aywdy | < T4 |f1-y1vzd)/|, A= {IZI%WH (50)

Using (50) beside the inequalities ((16) -(19)), to obtain

SN dy, 0v
106, )| < Shjer b [y 22922 x| + S & [f vy | +
dy, 0v ady
-1t |J, axz axz dx | + X1 |fﬂa_,;171 dx| +

1l |fna_xi172 dx| + lezlljl|fﬂylvl dx| +
le=1ﬁl|fn Y3-1Vi dx|.

By the CS inequality for each term in the above inequality, to get

that
1
2 2
dx) +

6v1
6xj

91
0xi

0@ 91 < 1357 (

’ dx)% ( I

(lyal? dx)2(flvy )2 +

L (2] dx)% (fﬂ def +
(Jly21? dx)%(frlvzvgx)% + (Joly1? dx)%(fgwmdx)%
4y (fﬂ e de)E (f,lv 2 +
Nk dx)% (sl +
(Jolyal? dx)f(fnlvmdx)f + (sl dx)2(fylvalPdx)? +
(ol ? dx):(Jylvs[Pax)7}, (51)

6vz
aX]'

92
axi

Whel’e '[l = maX{ﬂl,ll,,L_tl, ﬁl’ﬁl}’ Vl,l = 1,2
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Using the Theorem2.5 for the second and the fourth term in the
above inequality and then rewriting the resulting inequality in
another form, it becomes
1
2
dx) X

10, )1 < [ { Uyl 2 dx)? + 32 1(fn|a”

[

2 2
dx) +

1
2 2
dx)

1
2 2 1 1
dx)2 + (fﬂlyzl2 dx)z(fﬂlvllzdx)2 +

v,
axi

UolwsPax)? + 32,24 (5,

(f |y2|2 dx)z +ZU 1<fg |Z_3;j (f9|v2|2dx)i+

v,

axl'

s (Jo
ol l® dx)%(fnlvzlzdx)%) +

51(fg|3’1|2 dx)%(fﬂ|v1|2dx)% + 0 (fﬂ|3’2|2 dx)%(fﬂ|vz|2dx)%>,
(52)

la@, DI < ps[llyillar @llvillar @) + 1y2llur @llvallyr @ +
1y Il 2 ) lv1 ]l @ T

1y Il 2 (Q)Hvz Il 72 (Q)+El i Il @ lvy Il 2 @ T

Gllyzllur @llvzllus @, Whereus = umax (1, max(1 + &), <

P||)’||(H1 (Q)) ” ”(H1 (Q)) 6“3- (53)

In this case, it is also clear that F(¥) in the RHS of (45)is a linear

functional on (H* (Q))Z. It remains to show that it is bounded. In
this case since F(¥) is the same in the RHS of (36), and it was
proved there is bounded, hence by the theorem2.2. The WF (45)

has a unique solution j € (H* (2))”.

Corollary (5.1)

The CEPDEs ((1)-(2)), with the homogenous Robin BCs
(HRBCs)

0y1 oy,
a1y, +6—nl =ay;, + Z T o, cos(nl,x]) =0 on T,

i,j=1
(54)
ay dy.
Yy, +i =Wy, + i aZijﬁ_xj cos(nz,xj) =0 on T,
(55)
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Has unique COS 3 = (y5,¥,) € (H2(€2))", with ay, a,and n,,
(for £ = 1,2) are as defined in Theorem(5.1)

Proof:
The WF of the CEPDES ((1)-(2))and ((54)-(55)) will be similar

to the WF in Theorem (4.1) with one difference, which is the RHS
of WF(10) will be missing the two terms frglvld)’ and

fr g-v,dy in this case. Hence the existence of a unique COS in
this case will be obtained directly after applying Theorem4.1

6 Solvability of the CEPDEs with the MBCs

In this section, the solvability of the CEPDEs with the MBCs is
studied

Theorem (6.1)

The CEPDEs ((1)-(2)) with the following Mixed BCs (MBCs),

Yi= 9w on Tp,l=12 (56)
a

ow=gw on Ty, =12, (57)
Has a unique COSy = (y,,¥,) € (Hz(fz))z, where  the

boundary T of Q be split into two nonempty disjoint open sets T'j,
and Ty with g; = (g;p, giv) € L*(Tp) X L*(Ty), and n, is a unite
outer vector normal on the boundaryl'y, I =T,Ul,, and
IpNly = 0.

Proof:

To find the WF of the CEPDES ((1)-(2)) with the MBCs ((58)-
(59)), at first by introducing a new extending functionw €
(H2(@))", st. ® = §, = (G1p, Gap) € LA(T) x LA(T), then the
BC(58) is reduced to a homogeneous type through setting y =
Z+w.NowletV = {Z € H'(Q),Z = 0 on T, x T'p}, then ((1)-
(2)) can be rewrite as,

A1zy + Bizi + ¢ (0)z; —d(X)z; = f1(x) — Aywy — Bywy —
¢, )w; + d(x)w, (58)
Axzy + Byzy + c;(x)z; + d(x)z; = fr(x) — Ayw, — Bow, —
c2(X)wy — d(x)wy (59)
z,=0 on TIp,l=12, (60)
a(zj+w
%ll) = glN on FN ,l = 1,2 (61)
_ vz @ 2 a()
where 4,.) = = 201 2 (@ (0 32), Bi(.) = £y bu() 32

y l= 1,2., X = (xl,xz) € Q, fl(x) € LZ(Q), and ah-j,bli,cl, d E
LOO(.Q), ali]- > a’li]- > O!bli > ﬁlij > O,Cl > O,d > 0.
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Integrating both sides of ((58)-(59)) and ((60)-(61)) after
multiplying of them by the test function, v; € H*(Q), (i = 1,2),
resp., to obtain

f ZL] 1 ax; (alu (x) )vl dx + f ZL 1 blt(x) ia vl dx +
_f d(x)szl dx = f f1(x)v1dx +

f Zu 19, (alu(x) )771 dx — f ZL 1b1z(x) v1 dx —
Joe(wyv, dx + [ d(x)w2 v, dx, (62)

Jua (x)zlv1 dx

f Zl] 16x (aZLJ(x) )UZ dx + f Zl 1b21(x) Uz dx +
Jq cz(x)zzv2 dx + [, d(x)zlv2 dx = [, fz(x)vzdx +
f ZU 19, (azu(x) )Vz dx — f Zz 1b2,(x) Vz dx —
J 2w, v, dx — fﬂd(x)wlvz dx, (63)

Applying the generalized Green’s theorem for the terms which
have the 2" order derivatives, using the resulting BCs, once get:

f ZU 1 au](x) iz avl ~dx dx + f Z 1b1i(x)g_i1iv1 dx +
Joe1(0)zyvy dx — f d(x)zzv1 dx = [, fl(x)v1 dx —
JoZtm a0 5252 = [y B b 52

JoeGw, v, dx + f d(x)w2v1 dx +

vl dx —

0(z1+w.
Sy T @15 () %j”vldx, (64)
0z, 0 0z
f Zl} 1a21](x) 2 Uzd dx +f Z 1b21(x) zvzdx+
Jyc2(0)zpv, dx + f d(x)zlv2 dx = [, fz(x)v2 dx -
ow i)
f ZL} =1 aZl]( ) axz 01;2 fQZ bZL(x) UZ dx —
J 2w, v, dx — fﬂ d(x)wlvz dx +
0 (z2+w
Sy B2y @iy () X222 (65)
Equations (64) and (65) can be expressed also as
a1(z1,v1) + by (21, v1) + (€121, v1)q — (A2, V1) =
(fuvi)a — ar(wy, v1) — by (wy, v1) — (6wy, V1) +
(dwz,v1)q + (g1ns U1)FN- (66)
And
ay(23,V2) + by (25, V) + (€225, V2)q + (A2, v2) =
(f2v2)a — az(Wy, v3) — by (Wa, v3) — (CaW5, V3)g —
(dwy,v2)q + (G2, Uz)r,\,- (67)

Adding (66) and (67), to get

a,(21,v1) + by (21, v1) + (€121, 1) — (d2p,v1)q +
a3(22,v3) + by(23,v3) + (€222, V2)q + (d21,V3)q =
(fi,v1)a — a1 (wy,v1) — by(wy, 1) — (cwy, V1) +
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(dwy, v + (f2,2)a — (W, v3) — by (Wa,v,) —

(cawz,v2)q — (Awy, v2)q + (G1ns V1)FN + (gan Vz)rN- (68)
Or
a(y,v) = F(¥), (69)

Where a(Z, 1_7)) = al(Zl, vl) + bl(Zl, vl) + (C]_Zl, 171)9 -
(dz3,v1)q + az(2z2, V) + by (22, v2) + +(dzy,v2)q

F@) = (fuv)a — ar(wy, v1) — by(wy, v1) — (cwy, 1) +
(dwy, v)o + (f2,v2)a — ax(Wz, v3) — by(wp, 1) —
(cawz,v2)q — (Awy, v2)q + (G1ns V1)FN + (gan Vz)rN .

Or F(¥) = F() — a(W, D) + (g1n, V)ry + (G2n: V2)ry-

The coercivity and boundedness proof of the a(Z, %) are precisely
similar to those were proved in Theorem (3.2.1). So, it remains to
show that the RHS of (69) is bounded. Now, by taking the
absolute value for it and then using the inequality of CS to get

IF@)| < [F@)| + la@, DI + |(gan vry| + [ (92w v2)ry |-

By using (21) and (22) for the first two terms in RHS and the CS
inequality for the other two terms to accrue.
2|7l

IF@I <vyllv II( y +p IIWII(

HE (@) @) " g ) T

||91N||L2(FN)||V1||L2(rN) + ||92N||L2(FN)||171||L2(rN)

2 <

Since [|w| A Ngwllzryy < 61,6 = max(g;), and

C0)
from the Theorem2.5, the above inequality gives
[H@)| <77 |

)2 ,where y =y + pl + 25. (70)

(v @
Conclusions

The LMTH was employed successfully to prove the existence of
a unique COS (in infinite dimension) of the WF for the CEPDEs
with each of the four different types of the BCs (DBCs, NBCs,
RBCs and MBCs). Also, the PFI was used successfully in the
proof of the coercivity of the bilinear form where the BCS was
homogeneous, while it was not applicable fall to applied in case
that the BCS became nonhomogeneous, and to avoid this problem
the generalized PFI was used instead of it successfully, beside the
TRO. The result of this paper give us and many other
investigators the green light to solve these problems numerically.
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