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ABSTRACT

The multivariate CUSUM chart was used to control and monitor several measurable qualitative characteristics of production processes
through the accumulated sum of Mahalanobis distance. In this article, new charts correspond to the CUSUM chart based on wavelet
analysis. The discrete wavelet transform of the Daubechies wavelet of order 40 was used to obtain approximation coefficients
(proportional to the sum of observations) at each level and detail coefficients (proportional to the differences of observations) at each
level. The approximation coefficients were used to calculate the cumulative sum statistic of Mahalanobis distance to construct the
MCUSUM Daubechies wavelet approximate coefficients chart and to find the optimal reference value for target average run length, and
the detail coefficients were used to calculate the cumulative sum statistic of Mahalanobis distance values and to construct the MCUSUM
Daubechies wavelet detail coefficients chart to find the optimal reference value for target average run length. Therefore, two charts were
obtained, the first of which is used to control the averages of the qualitative properties of the produced material, and the second is used
to control the standard deviation of the qualitative properties. The proposed charts were more efficient than conventional charts while
maintaining average run length, depending on the simulation study and real data for the Erbil Steel company.
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1 Introduction encompass all production outputs with distinct characteristics,
posing difficulties with classical control charts due to their
extensive data handling ©. As production scales, interpreting
control charts becomes increasingly complex, necessitating
approaches that account for data correlations. While various
effective techniques exist, their complexity can hinder practical
application, motivating researchers to investigate simpler
methods suitable for lower-level staff [,

In Industry 4.0, advanced quality control techniques have
emerged, including statistical methods using univariate and
multivariate statistics. Traditional quality control methods like
control charts are evolving to keep pace with technology [,
CUSUM is a suitable modern approach for detecting outliers and
signaling out-of-control situations. This technique serves as an
early monitoring system that helps organizations quickly identify
issues, reducing errors and ensuring product quality [,
Traditional methods cannot integrate real-time data effectively,
which  makes modern techniques necessary. Wavelet
Transformation ~ promotes  data  privileges, providing
multicollinearity through eight orthogonal Daubechies wavelets,
obtaining approximation and detail coefficients. Incorporating
wavelet transforms into the control chart assists in the first stage
of out-of-control situations . The study presents the
Multivariate CUSUM chart using wavelet transformation

Quality management focuses on maintaining the value of
products delivered to clients and encompasses quality assurance,
control, and improvement. It is crucial across various
manufacturing, healthcare, and government industries. Quality
control, a key component, involves monitoring industrial
processes to ensure output meets consumer standards M. With the
rise of automated inspection and process control, especially in
engineering and medical fields, the importance of quality control
has surged 2. Many researchers now focus on control charts and
techniques that predict industrial issues and offer solutions.
Quality-related problems have evolved with advancements in
data collection, leading to more complex multivariate challenges
BBl Research continues to expand on classic quality control
methods, with univariate control charts traditionally assessing
single quality characteristics. However, relying on one
characteristic can be misleading in real-world scenarios, where
multiple quality attributes exist. Effective monitoring must
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coefficients as the post determinations, structuring outcomes
related to data coefficient shifts and edited slope factors for h and
k values. The paper is crucial for multivariate discrete wavelet
coefficients in monitoring 1.

In recent years, growing attention has been directed toward
integrating wavelet transformations into industrial process
monitoring systems. Majeed et al. (2023) introduced a wavelet-
based statistical control chart designed to detect faults in spur
gear systems, demonstrating their strong capability in identifying
subtle operational shifts 1%, Similarly, another 2024 study
proposed a kernel-based multivariate CUSUM control chart,
which achieved remarkable efficiency in reducing Average Run
Length (ARL) values when detecting abrupt changes in process
performance 1. These contributions highlight the practical
advantages of combining advanced statistical control techniques
with wavelet analysis, supporting the current study’s approach of
developing high-order Daubechies-based MCUSUM charts to
enhance sensitivity to minor and gradual process shifts.

This study distinguishes itself from prior research by utilizing a
high-order Daubechies wavelet transform to improve the
accuracy of detecting process shifts in MCUSUM control charts,
thereby achieving greater sensitivity to small and gradual changes
in process behavior. Therefore, this article suggests new
multivariate CUSUM (MCUSUM) control charts relying on
wavelet analysis to check and control the amount characteristics
of the steps of outcomes. The discrete wavelet transforms,
especially the Daubechies wavelet of order 40, are carried out to
calculate approximation and detail coefficients from the data.
These coefficients are finally utilized to compute the cumulative
sum statistic of Mahalanobis distance, finalizing two purpose
MCUSUM charts: one for controlling the means of qualitative
properties and the second one for controlling the standard
deviations. The new charts highlight the greatness of efficiency
over conventional ways while maintaining the desired average
run length.

2 Methods and Materials
2. 1 Quality Control Processes

Quality control guarantees products match standards and client
assumptions in manufacturing and services 4. It includes
notifications and measurements to find quality deviations, with
statistical techniques like Multivariate CUSUM, Daubechies
Discrete Wavelet Transformation Coefficients Charts assisting in
recognizing subtle process shifts for temporary mixing up 13 41,
Pattern checking is crucial to quality control, mostly needing
modifications in manufacturing processes 1. Control charts,
exclusively Shewhart and process control charts, are
tremendously utilized across sectors, throughout automotive,
electrical, and medical industries, to determine data correlations
and weigh production variations. The need for multivariable
datasets has increased beyond univariate applications [6 171,
Monitoring these datasets presents significant challenges due to
interdependent variables and unevenly distributed groups or
classifications. Contemporary ways depend on assumptions for
process signal finding, which may not capture data irregularity
well [8 191 New research tries to develop statistical techniques to
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actively check local events in irregular data, familiarizing
variations with minimal overall effect 2%,

2. 2 Multivariate CUSUM Charts

It simply describes the innovation and importance of Multivariate
CUSUM (MCUSUM) charts as an extension of conventional
control chart strategies, evolving from univariate applications to
advanced multivariate forms @4 22 CUSUM, short for
cumulative sum, is very important in quality control for
determining subtle shifts in process parameters over time.
Completely different from outdated Shewhart charts, which may
miss minor deviations, the CUSUM chart can find signals as early
as the 50th observation I, The MCUSUM statistic, which
promote monitoring across correlated results, is calculated as:

St = max(0,S;-1 + \/(Yt —WIEY, —w) — k) (1)

So = 0, Y; is the observed vector, u is the target mean, X is the
covariance matrix, and k is the sensitivity threshold. Applied in
auto-factories to check out-of-control behavior on various panel
sides, MCUSUM charts have been innovated to applications like
cumulative sum control charts employing Daubechies wavelet
transformation for multi-attribute monitoring 4. So, it will
further highlight univariate and multivariate CUSUM charts,
highlight theoretical determinations in change-point issues 2°,
and simplify the design recognizing of MCUSUM for identifying
process shifts in multiple correlated attributes (21,

2. 3 Average Run Length

The Average Run Length (ARL) is a key performance criterion
utilized to create control charts. ARL measures the predicted
number of samples or observations taken before a control chart
signals an out-of-control condition. For the provided control
chart, the ARL can be represented as:

1

ARL = - 2
where a # 0 and represents the possibility of a wrong alarm. For
an in-control process, typically, ARLo refers to the average
number of points before a false alarm when the process is in
control, and it is commonly set to 200. In contrast, ARL:
measures the average number of points until detecting an actual
shift; here, lower values are preferred to ensure quick detection
of process changes [?71,

The ARL criterion is also used in multivariate control charts, like
the Exponentially Weighted Moving Average (EWMA) charts, to
measure the response to transformations in joint and marginal
parameters. We can simply tell ARL is used as a quality metric
pointing to the impact of the control chart to determine shifts in
process parameters, providing insights into the performance of
control charts across varied process conditions [28 291,

2. 4 Daubechies Wavelet

The Daubechies wavelet is one of the greatest impactful discrete
wavelet transforms (DWTSs), widely used across engineering
disciplines, particularly in signal processing applications such as
image coding and resolution %, This wavelet is good enough at
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the detail level, let any level can be used, though higher levels
yield more refined outcomes. For accurate signal reconstruction,
it is fundamental to stay at a steady level (1321,

In the Daubechies wavelet, signal decomposition is gained
through filters, also well known as background filters, initialized
by scalars yo and y; 3. Convolution and decimation generate
wavelet coefficients, merging at specified scales and time points
to produce the transform's output. The formula representing a
Daubechies wavelet transform ultimately relies on recursive
filters defined by the filter coefficients vi, satisfying orthogonality
conditions B4, For example, a Daubechies wavelet y(t) can be
described by a recursive relation that starts with scaling functions
o(t) such that:

N-1

6O = D i $@E-K) ®)
k=0
and the associated wavelet function y(t) is defined by:
N-1
4)

WO = ) D4 2L
k=0

where N denotes the number of coefficients, specific to the
Daubechies wavelet family. Wavelet coefficients derived through
these processes discover variations in data as the wavelet
modifies across scales and time locations, a privilege valuable in
quality control applications [3% 3],

2. 5 Discrete Wavelet Transformation

The Discrete Wavelet Transform (DWT) is often utilized in
signal processing because of its compact support and vanishing
moments, making it influential for representing data across
multiple scales 71, Its power to minimize mistakes from floating-
point operations enhances the steadiness of algorithms, making it
completely relevant for analyzing non-stationary signals [,
DWT is specifically important in missions like denoising,
compression, and image processing, as it focuses on signal details
at various scales B9, It is also beneficial in quality control and
industrial monitoring, including thorough data transformation
and compression % 4. The orthogonality and thresholding
features of DWT simplify data reduction while preserving steady
signal properties 2, These attributes make DWT precious in
various industries for tasks like data decomposition and noise
suppression [43 441,

2. 6 Proposed Charts

It is usable to fabricate new charts depending on the discrete
wavelet transform of the Daubechies wavelet of order 40, clearly
to make a chart of approximation and detail coefficients for the
Daubechies wavelet for the MCUSUM through the following
steps:

Step 1. Assume that X is a data matrix, where the columns
represent several variables (p), and the rows represent the
observations (n) for even numbers n. Perform a discrete wavelet
transform for the Daubechies wavelet of order (N = 40) for each
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variable of the data matrix to produce (n/2 +N -1) of the
approximate and detailed coefficients (two partitions) as in the
following formulas:

L-1

A(S)=V;; = l_ogle—1,2i+1—lmod Nj-1 (5)
L-1

D(s)=W;; = — hVi_12i41-1moa nj-1 (6)

Define V; = x and x is the observation vector of length (n) and
set j = 1 (the level), input to the j stage of the pyramid algorithm
is Vj.1 (which is full-band), and related to frequencies [0,1/2/] in
X. Half-band filters fori=0, 1, ..., Nj-1. Formula 1 represents the
approximation coefficients (first part), scale or factor function
A(s) and s = 1, 2, ..., p with (n/2+N-1) coefficients, which are
proportional to the qualitative characteristics of observations
summation at each level L. In contrast, formula 6 represents
(second part) the detail coefficients D(s), the mother or wavelet
function with (n/2+N-1) coefficients, which are proportional to
the differences (variance) of the observations of the qualitative
characteristic.

Step 2. Repeat the calculation of the discrete wavelet transform
for the Daubechies wavelet of order 40 for each column of the
data matrix X. The following matrices of multivariate
approximation and detail coefficients are obtained:

XA = [A(1) A(2) ...A(p)] ()

®)

The proposed charts are based on Daubechies wavelet analysis,
which includes making two charts: the first for controlling the
MCUSUM Daubechies approximation coefficients and the
second for controlling the MCUSUM Daubechies detail
coefficients.

XD = [D(1) D(2) ...D(p)]

Step 3. Converting coefficient matrices (XA and XD) to standard
data through the following:

XA = [A(D) AQ2) .. A(p)] )

XD = [D(1) D(2) ...D(p)] (10)

XA represents the approximation coefficients, mean vector, and
XD represents the detailed coefficients' mean vector. Estimation
of variance and covariance matrix for standard data for
approximation and detail coefficients (CA and CD):

T V(XA(1,1))  COV(XA(1,2)) COV(XA(1,p))]

CA = COV(X;A(Z,l)) V(XA:(Z,Z)) COV(X/}(Z,p)) (1)
COV(XA(p, 1)) COV(XA(1,2)) V(XA(,p)) |
[ V(XD(1,1))  COV(XD(1,2)) COV(XD(1,p))]

D = COV(XP(Z,l)) V(XD:(Z,Z)) COV(X?(Z,p)) (12)
covxD(p, 1)) COV(XD(1,2)) V(XD(p,p)) |

ZA = CA Y2 x [A(t,:) —XA] for t=2,3,..,n (13)
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ZD = CD™Y2 x [D(t,:)' —XD] for t=2,3,..,n (14)

ZA represents the standard deviation vector for approximation
coefficients, and ZD represents the standard deviation vector for
detail coefficients.

Step 4. Calculate the MCUSUM statistic for the approximation
and detail coefficients, which are the points drawn on the
proposed charts at optimal (k), as follows:

SA(t) = max(0, SA(t — 1) + norm(ZA) — Optimal(k)  (15)

(16)

For t = 2,3, ...,n. SA(t) represents the MCUSUM Daubechies
wavelet approximate coefficients (DWAC) statistic plotted on the
MCUSUM DWAC chart. SD(t) represents the MCUSUM
Daubechies wavelet detail coefficients (DWDC) statistic plotted
on the MCUSUM DWNDC chart.

The optimal reference value k based on an MCUSUM chart
simulation of a set of values (k = 0.1, 0.2, ..., 2.5) from a
multivariate normal distribution (p = 2, 3 4) for sample size
(10000) and iteration (5000) for target ARL (200) with control
limith=3,4,...,8.

SD(t) = max(0, SD(t — 1) + norm(ZD) — Optimal(k)

Raw Data

}

Discrete Wavellet
Transform (DWT)

v ’ v
Approximation Detail
Coefficients Coefficients

l I
:

Standardization

|

Compute MCUSUM
Statistic

!

Plot on Control Chart

Figure 1: Process flow diagram of the proposed MCUSUM control chart
procedure.
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As illustrated in Figure 1, the proposed methodology involves
applying a Discrete Wavelet Transform (DWT) to raw data,
extracting coefficients, standardizing them, and computing the
MCUSUM statistic for monitoring.

3 Results and Discussions

Depending on simulation studies and real production data, the
proposed wavelet-based MCUSUM control charts were
evaluated for their efficiency in detecting process shifts and
handling outliers, and their performance was compared with
traditional multivariate Shewhart control charts.

3. 1 Simulation Study

To illustrate the idea of the proposed charts and the points drawn
on them, multivariate normal distribution data were generated for
a zero mean vector and a variance and covariance matrix using
the optimal reference value k based on an MCUSUM chart
simulation of a set of values (k=10.1,0.2, ..., 2.5) and ARL (200)
with control limit h = 3, 4, ..., 8. Sample size (10000) and
generation iteration (5000) were used to obtain the optimal
reference value k and used in classical and proposed charts to
detect out-of-control signals that were out of control for sample
size (100) for a different number of variables (p = 2, 3, and 4).
wavelet analysis was performed to calculate the approximation
and detail coefficients of the Db (40) wavelet and summarize the
results in Table 1 and shown in Figure 2:

Table 1: Simulate two observations and DWT coefficients.

X; X; A D
5.7604 7.5935 9.4426 -1.2962
7.4894 12.2559 13.9621 -3.3705
15.1002 14.6115 21.0094 0.3455
18.8942 20.9893 28.2019 -1.4815

Table 1 shows two observations (Xj1, Xj2) for four variables and
their corresponding wavelet approximation (A) and detail (D)
coefficients derived from the discrete wavelet transform (DWT).
This data is used to compute MCUSUM statistic, which monitors
deviations from the control, thus identifying when the process is
out of control. For instance, the table includes values like 9.4426
for approximation coefficients (low pass filter) and -1.2962 for
detail coefficients (high pass filter). These coefficients are key
inputs to the MCUSUM charts, helping to track both general
trends and finer variations in the data.

The wavelet analysis of two observations produces two
coefficients, one of which represents the approximation and is
proportional to the average of the two observations, and the other
represents the detail and is proportional to the difference between
the two observations, and so on for the other variables. DWT
coefficients for the first experiment simulation of two variables
and 100 observations are shown in Figure 3.
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Figure 2: Wavelet analysis for two observations and four Variables.
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Figure 3: Wavelet analysis for (100) observations and two Variables.

Simulation MCUSUM, MCUSUM-DWAC, and MCUSUM-
DWNDC charts for the set of values (k=0.1,0.2, ..., 2.5) and ARL
(200) with control limit h =3, 4, ..., 8. Sample size (10000) and
generation iteration (5000) were used to obtain the optimal
reference value k and used in classical and proposed charts to out-
of-control signals that were out of control for sample size (100)
for a different number of variables (p = 2, 3, and 4) as in Tables
2-4,

In Table 2, the classical MCUSUM chart generates different
ARLSs for two variables with differing control limits (h) and ideal
reference values (k). For control limits h = 3 to h = 8, the
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MCUSUM-DWAC chart continuously shows an increasing
number of out-of-control signals. It's interesting to note that,
except for h = 3, the MCUSUM-DWDC chart is more sensitive
and indicates out-of-control conditions at practically every h
level. This suggests that detail coefficients (DWDC) are superior
to approximation coefficients (DWAC) in identifying minute
changes. MCUSUM-DWAC and MCUSUM-DWDC charts
provide a robust system where DWAC captures broader trends
for low-pass filters and DWDC focuses on more abrupt changes
for high-pass filters. Adjusting # =7 and k = 1.3 optimally can
provide a balanced detection mechanism and greater ARL
(260.264).
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Table 2: Target ARL (200) for two variables (Simulation).

Chart h The optimal reference value (k) ARL Out-of-control signal
MCUSUM 11
MCUSUM-DWAC 3 1.5 167.792 0
MCUSUM-DWDC 14
MCUSUM 12
MCUSUM-DWAC 4 1.4 179.651 32
MCUSUM-DWDC 14
MCUSUM 12
MCUSUM-DWAC 5 1.3 120.871 31
MCUSUM-DWDC 14
MCUSUM 21
MCUSUM-DWAC 6 1.3 181.283 46
MCUSUM-DWDC 23
MCUSUM 21
MCUSUM-DWAC 7 1.3 260.264 0
MCUSUM-DWDC 24
MCUSUM 21
MCUSUM-DWAC 8 1.2 100.005 44
MCUSUM-DWDC 22

Table 3: Target ARL (200) for three variables (Simulation).

Chart h The optimal reference value (k) ARL Out-of-control signal
MCUSUM 12
MCUSUM-DWAC 3 1.9 246.325 0
MCUSUM-DWDC 0
MCUSUM 12
MCUSUM-DWAC 4 1.7 113.417 0
MCUSUM-DWDC 0
MCUSUM 22
MCUSUM-DWAC 5 1.7 201.915 0
MCUSUM-DWDC 0
MCUSUM 22
MCUSUM-DWAC 6 1.6 106.323 0
MCUSUM-DWDC 0
MCUSUM 23
MCUSUM-DWAC 7 1.6 140.778 0
MCUSUM-DWDC 0
MCUSUM 0
MCUSUM-DWAC 8 1.6 177.056 0
MCUSUM-DWDC 0

In Table 3, the case of three variables, the classical MCUSUM
chart shows inconsistent ARL values, with no significant out-of-
control signals on either the MCUSUM-DWAC or MCUSUM-
DWDC charts across all control limits. This implies that both
wavelet-based charts may not provide additional detection
benefits for the three variables under the given simulation
parameters.

MCUSUM-DWAC and MCUSUM-DWDC charts provide a
robust system where DWAC captures broader trends for low-pass
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filters and DWDC focuses on more abrupt changes for high-pass
filters. Adjusting 2 = 3 and k = 1.9 optimally can provide a
balanced detection mechanism and greater ARL (246.325). The
MCUSUM-DWAC and MCUSUM-DWDC charts register out-
of-control signals across the different parameter settings in this
simulation. This may indicate that the changes in the process are
not significant enough in either the low-pass or high-pass filters
to trigger these charts.
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Table 4: Target ARL (200) for four variables (Simulation).

Chart h

The optimal reference value (k) ARL

Out-of-control signal

MCUSUM
MCUSUM-DWAC 3 2.1
MCUSUM-DWDC

12
125.864 89

MCUSUM
MCUSUM-DWAC 4 2
MCUSUM-DWDC

124.611

MCUSUM
MCUSUM-DWAC 5 2
MCUSUM-DWDC

235.559

MCUSUM
MCUSUM-DWAC 6 1.9
MCUSUM-DWDC

120.955

MCUSUM
MCUSUM-DWAC 7 1.9
MCUSUM-DWDC

163.328

MCUSUM
MCUSUM-DWAC 8 1.9
MCUSUM-DWDC

217.012

For four variables, the classical MCUSUM chart still performs
well in terms of ARL, but the MCUSUM-DWAC chart detects a
high number of out-of-control signals for h = 3, while no signals
are detected by either the MCUSUM-DWDC or DWAC charts
for most other control limits. This suggests that, for higher-
dimensional datasets, the approximation coefficients (DWAC)
are potentially more useful for identifying large shifts. At A =5

and k = 2 optimally can provide an optimal detection mechanism
and greater ARL (235.559). The MCUSUM-DWAC and
MCUSUM-DWDC charts register out-of-control signals across
the different parameter settings in this simulation. This may
indicate that the changes in the process are not significant enough
in either the low-pass or high-pass filters to trigger these charts.

ARL vs Reference Value (k) for MCUSUM Chart

Average Run Length (ARL)

|
200 -
200 |

100 |-

0 05 1

1.5 2 25

Reference Value (k)

Figure 4: ARL for the MCUSUM chart and optimal reference value k.
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Figure 4 displays the relationship between the Average Run Length
(ARL) and the reference value k for an MCUSUM chart. The optimal
reference value for the MCUSUM chart is approximately k = 2, where
the ARL is 235.559. Beyond this value, the ARL increases sharply,
reducing the chart's efficiency in detecting process changes. Keeping k
close to 2 ensures a balanced detection capability without overly long
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delays in signaling shifts. CUSUM statistics for the two variables (first
experiment simulation) of the MCUSUM, MCUSUM-DWAC, and
MCUSUM-DWDC charts were calculated in Figures 5-7. To control and
monitor the quality of the product, the results were drawn on these charts
for the value of h and k, and optimal ARL.

CUSUM Statistic

Multivariate CUSUM Chart
| | T

Observation

Figure 5: MCUSUM chart for the Simulation.

MCUSUM-DWAC Chart
I T

CUSUM-DWAC Statissic

-

1 - - e -l - 1 -l
0 10 20 30 40 50 80 70
Approximation Coefficients

Figure 6: MCUSUM-DWAC chart for the Simulation.
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A MCUSUM-DWDC Chart
T T 1
adrd L
DI = = = o ————————————— . ————————— - -
4+ i
2
§ 3
% 2 |
(3]
1+ .
o AN d
- : .. - .l 4 18 i
0 10 20 30 40 50 60 70 80 90
Detail Coefficients
Figure 7: MCUSUM-DWDC chart for the Simulation.
3. 2 Real Data December 2007. The facility, which produces its energy through

The source of this real data is Erbil Steel company, which is a
construction company commencing in 2006 in Northern Iraqg.
Erbil Steel Company started integrated steel production in

Obsernvations and Coeficients

1000

400

~200
0

T

ar

T

T

T

its 32 MW powerhouse, has an annual steel production capacity
of 240,000 Tons. This data concluded 100 observations on
a Nominal diameter of 12 mm, which is composed of 2 different
variables: Yield point and Tensile strength.

T

?t*A..,.—.L,_ﬁ_. 5
. Xt At ——D1|
A2 02|

Figure 8: Wavelet analysis for real data.
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Figure 8 presents original data (X1, X2), approximation
coefficients (Al, A2), and detail coefficients (D1, D2) obtained
from wavelet transformation. The original values appear as
scattered points, while approximation coefficients show the
overall trend, and detail coefficients reflect fluctuations around
zero. CUSUM statistics for the two variables, Yield point and
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Tensile strength of MCUSUM, MCUSUM-DWAC, and
MCUSUM-DWDC charts were calculated. To control and
monitor the quality of the Erbil Steel product, the results were
drawn on these charts and summarized according to the value of
h and k, and optimal ARL in Table 5:

Table 5: Control and monitor the quality of the Erbil Steel product.

Chart h The optimal reference value (k) ARL Out-of-control signal
MCUSUM 18
MCUSUM-DWAC 3 1.5 167.792 27
MCUSUM-DWDC 0
MCUSUM 18
MCUSUM-DWAC 4 1.4 179.651 27
MCUSUM-DWDC 0
MCUSUM 18
MCUSUM-DWAC 5 1.3 120.871 27
MCUSUM-DWDC 32
MCUSUM 20
MCUSUM-DWAC 6 1.3 181.283 28
MCUSUM-DWDC 32
MCUSUM 20
MCUSUM-DWAC 7 1.3 260.264 46
MCUSUM-DWDC 0
MCUSUM 20
MCUSUM-DWAC 8 1.2 100.005 44
MCUSUM-DWDC 32

CUSUM Chart: At h =5 and k = 1.3 the ARL is 120.871 which
indicates that the chart can detect changes faster compared to h =
6 and ARL = 181.283 and the observation sequence (18) that was
out of control at different h values 3, 4, and 5 indicates a reliable
detection mechanism without excessive false alarms, it also
results in a balance between maintaining high sensitivity
(detecting small to moderate changes quickly) and avoiding false
alarms. In quality control applications, rapid detection of
transitions is essential. The choice of h = 5 reflects a practical
approach to ensure that large changes in the process can be
detected on time, without the system becoming overly sensitive
and triggering unnecessary alarms. CUSUM-DWAC Chart: At h
=7 and k = 1.3, the observation sequence (46) was outside the
control limits, indicating that the chart is effective at detecting
only large changes while filtering out noise. This higher control
limit allows for a longer ARL (260.264), providing more stable
operation over time in environments where small fluctuations can
be common. With a focus on low-frequency changes, a higher h
value helps ignore minor deviations, which is critical in stable
operations where the focus is on identifying large changes rather

than responding to every small fluctuation. Practical application:
In scenarios such as manufacturing or industrial processes, where
noise can obscure meaningful signals, a higher h reduces false
alarms and ensures that only the most relevant and largest shifts
trigger a response. Thus, h = 7 is ideal for long-term monitoring,
providing a buffer against noise. CUSUM-DWDC Chart: At h =
5 and k = 1.3, the observation sequence (32) was outside the
control limits; it indicates sensitivity but still maintains a
reasonable response to changes that can occur in the production
process. The ARL (120.871) associated with this configuration
allows for immediate detection without an excessive number of
false alarms. Like the MCUSUM chart, h = 5 in MCUSUM-
DWDC ensures high sensitivity to sudden high-frequency
changes. This is critical for applications that require immediate
attention to subtle changes that can occur in the production
process, such as critical industrial processes. Through the results,
these charts will be used in Phase 2 to control and monitor the
Erbil Steel product for new data representing 60 values of Yield
point and Tensile strength (Table 6).

Table 6: Control and monitor the quality of the Erbil Steel product (Phase 2).

Chart h The optimal reference value (k) ARL Out-of-control signal
MCUSUM 5 120.871 8
MCUSUM-DWAC 7 1.3 260.264 37
MCUSUM-DWDC 5 120.871 0
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Figure 9: MCUSUM chart for the Erbil Steel product quality (Phase 2).
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Figure 10: MCUSUM-DWAC chart for the Erbil Steel product quality (Phase 2).

Figures 9-11 show three charts in Phase 2. The MCUSUM chart
has 8 out-of-control signals, the MCUSUM-DWAC chart shows
37 out-of-control signals, indicating it may be more sensitive to
certain types of shifts in the process, and the MCUSUM-DWDC
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chart has no out-of-control signals (0), suggesting that either the
process remains stable for this method, or it is less sensitive to the
variations in this dataset. The MCUSUM chart provides balanced
sensitivity to shifts in the process mean (ARL = 120.871). With
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an out-of-control signal count of 8, it’s useful for moderate
control over yield point and tensile strength. The MCUSUM-
DWAC chart has a high ARL of 260.264 and a greater number of
out-of-control signals (37), suggesting it may be more
conservative but sensitive to even minor deviations. The
MCUSUM-DWDC chart with no out-of-control signals shows
the most stability, but this may indicate lower sensitivity if the
chart does not detect known shifts. Depending on the control
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priorities, each chart offers different levels of sensitivity. If
immediate response to even small shifts is crucial,
the MCUSUM-DWAC chart might be more appropriate.
However, if fewer interventions and longer runs without
interruptions are desired, the MCUSUM-DWDC chart may be a
better option. Finally, it can be said that there is a problem with
the Erbil Steel product quality, and the engineering department
must review the production line to identify and address the defect.
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5 ———————————————————————————————————————————————————————————————————
o
24
.
wn
g,
o
=
.
D2
1 »
0 - - 4 1 - -
0 10 20 30 40 50 60 70

Detail Coefficients

Figure 11: MCUSUM-DWDC chart for the Erbil Steel product quality (Phase 2).

4 Conclusions

1. This study successfully developed multivariate CUSUM charts
that utilize wavelet analysis, specifically the discrete wavelet
transforms of the Daubechies wavelet of order 40.

2. Using both approximation and detail coefficients. Two
separate charts were designed for monitoring and controlling
different quantitative characteristics in production processes. The
first chart targets the averages of these characteristics, while the
second focuses on their standard deviations.

3. Employing Mahalanobis distance as the foundation for the
cumulative sum statistics has yielded promising results,
enhancing the sensitivity to detect shifts in process quality.

4. The proposed MCUSUM Daubechies wavelet charts provide a
robust quality control method and show superior performance to
traditional control charts, especially regarding efficiency while
maintaining the average run length.

5 Recommendations

1. Evaluate the use of Discrete Wavelet Transform (DWT)
coefficients of Coiflets wavelets in innovating MCUSUM control
charts as an alternative to Daubechies wavelets.
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2. Check the application of Coiflets wavelet transform to obtain
approximation and detail coefficients for supervising outcome
steps

3. Utilize approximation coefficients to make charts for
controlling the means of qualitative characteristics and detail
coefficients for controlling variability or standard deviation.

4. Evaluate whether Coiflets wavelets offer innovative sensitivity
and robustness in comparison to Daubechies wavelets.

5. Weigh the performance of Coiflets-based MCUSUM charts
over different industries, especially in fields where signal
symmetry and flawlessness are important.

6. Find out optimal reference values for control limits and their
impact on the average run length (ARL) to escalate quality
control methodologies.

References

[1] Tague, N. R. The Quality Toolbox. (Mencap, 2023). mencap.org.uk

[2] Haleem, A., Javaid, M., Singh, R. P. & Suman, R. Medical 4.0
technologies for healthcare: Features, capabilities, and applications.
Internet  Things  Cyber-Phys.  Syst. 2, 12-30, doi:
10.1016/j.i0tcps.2022.04.001, (2022).

[3] Hsu,J. Y, Chen,Y. H, Lin, C. Y., Lee, C. C. & Wang, Y. H. Wind

turbine fault diagnosis and predictive maintenance through



Original Article

statistical process control and machine learning. IEEE Access 8,
23427-23439, doi: 10.1109/ACCESS.2020.2968615, (2020).
Sabahno, H., Castagliola, P. & Amiri, A. A variable parameters
multivariate control chart for simultanecous monitoring of the
process mean and variability with measurement errors. Qual.
Reliab. Eng. Int. 36, 1161-1196, doi: 10.1002/qre.2621, (2020).
Xu, S., Liu, W., Wang, S., Ma, F., Ma, W. & Zhang, Y. Use ggbreak
to effectively utilize plotting space to deal with large datasets and
outliers. Front. Genet. 12, 774846, doi:
10.3389/fgene.2021.774846, (2021).

Mertler, C. A., Vannatta, R. A. & LaVenia, K. N. Advanced and

multivariate statistical methods: Practical application and

interpretation. (2021). unt.edu

Dao, P. B. A CUSUM-based approach for condition monitoring and

fault diagnosis of wind turbines. FEnergies 14, 3236, doi:

10.3390/en14113236, (2021).

Ali, T. H., Sedeeq, B. S., Saleh, D. M. & Rahim, A. G. Robust

multivariate quality control charts for enhanced variability

monitoring. Qual. Reliab. Eng. Int. 40, 1369-1381, doi:

10.1002/qre.3472, (2024).

AlSharabi, K., Al-Qerem, A., Jarrah, M., Qassem, M., Alazzam, M.

B. & Al-Shalabi, R. EEG signal processing for Alzheimer’s

disorders using discrete wavelet transform and machine learning

approaches. IEEE  Access 10, 89781-89797, doi:

10.1109/ACCESS.2022.3198988, (2022).

[10] Majeed, R., Haddar, M., Chaari, F., Haddar, M. & Benouaret, H. A
wavelet-based statistical control chart approach for monitoring and
detection of spur gear system faults. Appl. Cond. Monit. 22, 140—
152, doi: 10.1007/978-3-031-34190-8 17, (Springer, 2023).

[11] Qiao, L., Wang, B. Kernel-based multivariate nonparametric
CUSUM multi-chart for detection of abrupt changes. Math. 12,
1473, doi: 10.3390/math12101473, (2024).

[12] World Health Organization. Quality assurance of pharmaceuticals:
a compendium of guidelines and related materials. 2. Good

(4]

(5]

(6]

(7]

(8]

(9]

manufacturing  practices and inspection (World Health
Organization, 2024),
https://books.google.com/books?id=W6MOEQAAQBAJ,google.c
om

[13] Barnes, E. A., Partee, M. R. & Barnes, R. J. Indicator patterns of
forced change learned by an artificial neural network. J. Adv. Model.
Earth Syst. 12, ¢2020MS002195, doi: 10.1029/2020MS002195,
(2020).

[14] Abdullah, D. F. A. F.,, Qadir, J. R., Ramadhan, D. L. & Ali, T. H.
CUSUM control chart for Symlets wavelet to monitor production
process quality. [Iragi J. Stat. Sci. 21, 54-63, doi:
10.33899/iqjoss.2024.185240, (2024).

[15] Klein-Junior, L. C., Santos, D. F., Soares, J. M., Oliveira, T. G., de
Souza, L. C. & de Oliveira, A. B. Quality control of herbal
medicines: From traditional techniques to state-of-the-art
approaches. Planta Med. 87, 964-988, doi: 10.1055/a-1529-8339,
(2021).

[16] Oluyisola, O. E., Teal, S., Cichy, R. F., Nur Izreen, M. & Alvarado,
C. Designing and developing smart production planning and control
systems in the industry 4.0 era: a methodology and case study. J.
Intell. Manuf. 33, 311-332, doi: 10.1007/s10845-021-01808-w,
(2022).

[17] Jalal, S. A., Saleh, D. M., Sedeeq, B. S. & Ali, T. H. Construction
of the Daubechies wavelet chart for quality control of the single

545

Hasanet. al. Passer 7 (Issue 1) (2025) 533-546

value. Iraqi J  Stat.  Sci. 21, 160-169, doi:
10.33899/iqjoss.2024.183257, (2024).

[18] Gaddam, A., Mukhopadhyay, S. C. & Gupta, G. P. Detecting sensor
faults, anomalies and outliers in the Internet of Things: a survey on
the challenges and solutions. Electronics 9, 511, doi:
10.3390/electronics9030511, (2020).

[19] Phillips, R. C., Coxon, G., Lobban, L., Mascioli, N. R. & Wehner,
M. F. The devil is in the tail dependence: An assessment of
multivariate copula-based frameworks and dependence concepts
for coastal compound flood dynamics. Earth's Future 10,
€2022EF002705, doi: 10.1029/2022EF002705, (2022).

[20] Thudumu, S., Nagaraj, S. & Phani, K. A comprehensive survey of
anomaly detection techniques for high dimensional big data. J. Big
Data 7,42, doi: 10.1186/s40537-020-00320-x, (2020).

[21] Khusna, H., Amin, M., Fatimah, N., Wulandari, D. & Rini, D.
Bootstrap-based maximum multivariate CUSUM control chart.
Qual.  Technol.  Quant.  Manag. 17, 52-74, doi:
16843703.2018.1535765, (2020).

[22] Ali, T. H., Raza, M. S. & Abdulqader, Q. M. VAR time series
analysis using wavelet shrinkage with application. Sci. J. Univ.
Zakho 12, 345-355, d0i:10.25271/sju0z.2024.12.3.1304, (2024).

[23] Does, R.J., Goedhart, R. & Woodall, W. H. On the design of control
charts with guaranteed conditional performance underestimated
parameters. Qual. Reliab. Eng. Int. 36, 2610-2620, doi:
10.1002/qre.2658, (2020).

[24] Beniwal, R. K., Singh, R., Khan, R. A., Singh, M. K. & Garg, A. A
critical analysis of methodologies for detection and classification of
power quality events in smart grid. /EEE Access 9, 83507-83534,
(2021).

[25] Tickle, S. O., Eckley, I. A. & Fearnhead, P. A computationally
efficient, high-dimensional multiple changepoint procedure with
application to global terrorism incidence. J. R. Stat. Soc. A 184,
1303-1325, doi: 10.1111/rssa.12695, (2021).

[26] Engmann, G. M. & Han, D. The optimized CUSUM and EWMA
multi-charts for jointly detecting a range of mean and variance
change. J. Appl. Stat. 49, 1540-1558, doi:
10.1080/02664763.2020.1870670, (2022).

[27] Baumfeld Andre, E., Reynolds, R., Caubel, P., Azoulay, L., Dreyer,
N. A. & Praus, M. Trial designs using real-world data: the changing
landscape of the regulatory approval process. Pharmacoepidemiol.
Drug Saf. 29, 1201-1212, doi: 10.1002/pds.4932, (2019).

[28] Montgomery, D. C. & Friedman, D. J. Statistical process control in
a computer-integrated manufacturing environment. In Statistical
Process Control in Automated Manufacturing, 67-87, (CRC Press,
2020).

[29] Jardim, F. S., Chakraborti, S. & Epprecht, E. K. Two perspectives
for designing a phase II control chart with estimated parameters:
The case of the Shewhart X chart. J. Qual. Technol. 52, 198-217,
doi: 10.1080/00224065.2019.1571345, (2020).

[30] Ali, T. H., Mahmood, S. H. & Wahdi, A. S. Using proposed hybrid
method for neural networks and wavelet to estimate time series
model. Tikrit J. Adm. Econ. Sci. 18, part 3, doi:
10.25130/tjaes.18.57.3.26, (2022).

[31] Al-Qerem, A., Al-Shalabi, R., Abuhashish, F., Alazzam, M. B.,
Jarrah, M. & Al-Sharabi, K. General model for best feature
extraction of EEG using discrete wavelet transform wavelet family
and differential evolution. Int. J. Distrib. Sens. Netw. 16,
1550147720911009, doi: 10.1177/1550147720911009, (2020).



Original Article

[32] Omer, A. W., Sedeeq, B. S. & Ali, T. H. A proposed hybrid method
for multivariate linear regression model and multivariate wavelets
(simulation study). Polytech. J. Humanit. Soc. Sci. 5, 112—124, doi:
10.25156/ptjhss.v5n1y2024.pp112-124, (2024).

[33] Kaur, C., Singh, H., Sharma, R., Kaur, M. & Kaur, P. EEG signal
denoising using hybrid approach of wvariational mode
decomposition and wavelets for depression. Biomed. Signal
Process. Control 65, 102337, doi: 10.1016/j.bspc.2020.102337,
(2021).

[34] Ali, T. H. & Qadir, J. R. Using wavelet shrinkage in the Cox
proportional hazards regression model (simulation study). Iragi J.
Stat. Sci. 19, 17-29, doi: 10.33899/iqjoss.2022.174328, (2022).

[35] Ali, T. H. & Ali, M. S. Analysis of some linear dynamic systems
with bivariate wavelets. [ragi J. Stat. Sci. 16, 85-109, doi:
10.33899/iqj0ss.2019.0164176, (2019).

[36] Silik, A., Gokalp, M. H., Unal, A., Cetin, O. & Demir, C.
Comparative analysis of wavelet transform for time-frequency
analysis and transient localization in structural health monitoring.
Struct. Durab. Health Monit. 15, 1-22, doi:
10.32604/sdhm.2021.012751, (2021).

[37] Osadchiy, A., Sergeev, A., Skorik, A. & Melnikov, M. Signal
processing algorithm based on discrete wavelet transform. Designs
5, 41, doi: 10.3390/designs5030041, (2021).

[38] Skaf, Y. & Laubenbacher, R. Topological data analysis in
biomedicine: a review. J. Biomed. Inform. 130, 104082, doi:
10.1016/}.jbi.2022.104082, (2022).

[39] Grobbelaar, M., Engelbrecht, R. & Botha, A. A survey on denoising
techniques of electroencephalogram signals using wavelet
transform. Signals 3, 577-586, doi: 10.3390/signals3030035,
(2022).

[40] Ali, T. H. & Haydier, E. A. Using wavelet in constructing some of
average charts for quality control with application on cubic concrete
in Erbil. Polytech. J. 6, 171-209 (2016).

[41] Kankanamge, Y., Hu, Y. & Shao, X. Application of wavelet
transform in structural health monitoring. Earthq. Eng. Eng. Vib.
19, 515-532, doi: 10.1007/s11803-020-0576-8, (2020).

[42] Mihlitz, P. M., Friege, H. & Thomsen, J. Characterizing the urban
mine—Simulation-based optimization of sampling approaches for
built-in  batteries in WEEE. Recycling 5, 19, doi:
10.3390/recycling5030019, (2020).

[43] Guo, T., Fan, L., Lv, Z., Zhang, X., Liu, H. & Xie, B. A review of
wavelet analysis and its applications: Challenges and opportunities.
IEEE Access 10, 58869-58903, doi:
10.1109/ACCESS.2022.3179517, (2022).

[44] Daubechies, 1., DeVore, R., Foucart, S., Hanin, B. & Petrova, G.
Nonlinear approximation and (deep) ReLU networks. Constr
Approx. 55, 127-172, doi: 10.1007/s00365-021-09548-z, (2022).

546

Hasanet. al. Passer 7 (Issue 1) (2025) 533-546



