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ABSTRACT 
In this work devoted to study Binary soft fuzzy probability, probabilistic interpretation of Binary soft fuzzy, relationship between BSF 

reliability and classical reliability in addition to that BSF reliability is presented in view of BSF approximation, consider reliability as 

probability according to definition and consider BSF in the result according to our belief in current study. 
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1 Introduction  

Sangoor A.A[16] binary soft fuzzy set. The first research on fuzzy 

fault tree analysis was introduced by Tanaka et al in (1983) the 

treated probability of basic event as trapezoidal fuzzy number to 

simply the calculation Cetkin, V.,[2]. A note on fuzzy topological 

spaces, cheng [3] Fuzzy topological spaces, considered the failure 

probability of basic event as triangular fuzzy number. Feng, [5]. 

Soft sets and soft rough sets. Al-Swidi, L. A. A [1] Soft fuzzy and 

fuzzy soft fuzzy theory with applications, Varol, B. P [23] Fuzzy 

soft topology. Maji [8]) used to calculate the reliability of different 

models of systems. Ming, P. P [9] Fuzzy topology I. 

Neighbourhood structure of a fuzzy point and Moore-Smith 

convergence, Molodtsov [10] introduced the notion of soft set and 

started to develop the basic of the corresponding theory as a new 

approach for modeling uncertainties. Mostafa, [11] Soft B-rough 

sets and their application to determine COVID-19, Pawlak [13] 

Rough sets, Roy [14] A note on fuzzy soft topological spaces. 

Saber [15] Ideal on fuzzy topological spaces. Serkan, A., kalpana 
[19,7] On fuzzy soft topological spaces. Shabir and Naz, [20] On soft 

topological spaces, Topological structures of fuzzy soft sets. 

Tany, B., & Kandemir, M. B,[22] Topological structures of fuzzy 

soft sets. The concept of fuzzy set introduced by Zadeh [24], 

Sarhad F. Namiq, Ennis Rosas [17] On λ D − R0 and λ D − R1 spaces. 

Sarhad F. Namiq, Ennis Rosas [18], New types of connected 

component spaces and maximal open set via s-operation. Sostak, 

A. P. On fuzzy topological structure [21]. Halgwrd M. Darwesh, 

Sarhad F. Namiq [6] pre-irresolute functions in closure spaces. P. 

Gino Metilda and J. Subhashini [12], Remarks on fuzzy binary soft 

limit points. E. Rosas, C. Carpintero, J. Sanabria [4], 

Characterization of I-b-open sets.The main objective of this work 

is, therefore, to present a new type of soft fuzzy approximate 

called Binary Soft Fuzzy approximate. First of all, let us define 

the Binary soft fuzzy approximate as follows. In the later part of 

this paper, we will also explain the Binary soft fuzzy approximate 

and look at the primary and essential operations on this set with 

examples. 

The purpose of the present paper is to introduce a new type of soft 

fuzzy approximate that contains the concept of a binary on many 

sets of parameters that can be applied in one of the essential 

scientific disciplines in the future. 

This article is grouped into sections, as outlined below. Section 

introduces our new idea, mentions some central concepts Binary 

soft fuzzy probability, probabilistic interpretation of Binary soft 

fuzzy, relationship between BSF reliability and classical 

reliability. In we present a new definition of the soft fuzzy 

approximation space. we also illustrate the essential and central 

operations for binary soft fuzzy approximation space. 

2 Preliminaries 

In this section, we view the important notions of approximation 

space, lower approximation and upper approximation space, the 

boundary, positive, negative region.         
 

2. 1 Definition [10]: 

 Let 𝜇 be a universe finite set and R be an equivalence relation on 

𝜇. 𝜇 /R = {[x]R: x ∈ 𝜇 }will denote to the family of equivalence 

classes of R on 𝜇 . Then, the pair (𝜇, R) is said to be an 

approximation space. The lower and upper approximation of X ⊆ 

𝜇 are defined respectively by 
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  𝑅(𝑋) = {x ∈ 𝜇 : [x]R ⊆ X}, and   

   𝑅(𝑋)̅̅ ̅̅ ̅̅ ̅= {x ∈ 𝜇 : [x]R ∩ X ≠ ∅}. 

According to Pawlak’s [11] definition, X is called a rough set if 

𝑅(𝑋) ≠  𝑅(𝑋)̅̅ ̅̅ ̅̅ ̅ . 
 

2. 2 Definition [10]: 

 Let (𝜇, R) be an approximation space. Then, the boundary, 

positive, negative regions and accuracy for the approximations 

of X ⊆ 𝜇 are defined respectively by BNDR(X) =    𝑅(𝑋)̅̅ ̅̅ ̅̅ ̅−   

𝑅(𝑋) 

POSR(X)= 𝑅(𝑋), 

N EGR(X) = 𝜇 −  𝑅(𝑋)̅̅ ̅̅ ̅̅ ̅, and 

µR(X) = |
𝑅(𝑋)

𝑅(𝑋)̅̅ ̅̅ ̅̅ ̅
 | 

 , where |𝑅(𝑋)̅̅ ̅̅ ̅̅ ̅ | ≠ 0. 

Obviously, µR(X) ≤ 1. If µR(X) = 1, then X is called exact. 

Otherwise, it is called rough.  

2. 3 Definition [3]: 

Let S = (F, £) be a soft set over µ. Then, a pair 𝐴s = (µ, S) is called 

a soft approximation space. The soft 𝐴s -lower approximation and 

soft 𝐴s -upper approximation for X ⊆ µ are defined respectively 

by 

   𝑆(𝑋)= {u ∈ µ: ∃e ∈ £, [u ∈ F (e), F (e) ∩ X≠ ∅]} The soft 𝐴s -

lower approximation,  

  𝑆(𝑋) ̅̅ ̅̅ ̅̅ ̅ = {u ∈ µ: ∃e ∈ £, [u ∈ F (e) ⊆ X]}, and soft 𝐴s -upper 

approximation,     

In general,  𝑆(𝑋) ̅̅ ̅̅ ̅̅ ̅ and 𝑆(𝑋) are referred to soft rough 

approximations with respect to 𝐴s. Moreover 

POS𝐴s (X) = 𝑆(𝑋) 

NEG𝐴s (X) = µ −  𝑆(𝑋) ̅̅ ̅̅ ̅̅ ̅ , and 

BND𝐴s (X) = 𝑆(𝑋) ̅̅ ̅̅ ̅̅ ̅ − 𝑆(𝑋) are called soft 𝐴s -positive region, 

soft 𝐴s -negative region and soft 𝐴s -boundary region of X. If  

𝑆(𝑋) ̅̅ ̅̅ ̅̅ ̅ =𝑆(𝑋) means BND𝐴s (X) = ∅, then X is said to be soft 𝐴s 

-definable or soft 𝐴s -exact set. Otherwise, X is soft 𝐴s -rough. 

Moreover, 

μ𝐴s (X)| = |
𝑆(𝑋)

𝑆(𝑋)̅̅ ̅̅ ̅̅ ̅ |, where |𝐴s(X)|≠0. It is called soft 𝐴s -accuracy of X.   

2. 4 Proposition [10]: 

    Let S = (F, £) be a full soft set over 𝜇 and 𝐴s = (𝜇, S) be a soft 

approximation space. Then the conditions are held:  

(i) 𝑆(𝜇 ) = 𝑆(𝜇 )= 𝜇 . (iii) 𝑆({x})≠ ∅ ∀ x ∈ 𝜇, 

(ii) X ⊆ 𝑆(𝑋) ,∀ X.  

2. 5 Definition [1]: 

Let  𝜇 be an initial universe, £1, £2 are two sets of parameters, 

𝒫(𝜇) represents 𝜇’s power set. A  binary   soft fuzzy set ( bsfs-

set) 𝜓  on 𝜇 with member-ship mapping ƒ𝜓  representing by a 

combination between binary- soft set  and a member-ship 

mapping of fuzzy set with respect to power set ƒ: 𝜇 → 𝕝 = [0,1]; 
together with binary-soft set 𝑆: £1 × £2 → 𝒫(𝜇), Then ƒ𝜓: £1 ×

£2 → 𝑙𝑚
7  (the set of all fuzzy sets in seventh family), is a member-

ship mapping of   BSF-set  𝜓   where;  

𝜓 = {(ⱸi, ⱸj) , ƒ𝜓(ⱸi, ⱸj)) , ∀(ⱸi, ⱸj) ∈ £1 × £2, where ⱸi ∈

£1 and ⱸj ∈ £2,   ƒ  : £1 × £2 → 𝑙𝑚
7  , i = l, … , v ;  j = l, … , u } .  

3 BSF approximation space  

In this section, Binary soft fuzzy probability, probabilistic 

interpretation of Binary soft fuzzy, relationship between BSF 

reliability and classical reliability depend on [9]. 

 

3. 1 Definition:  

   let be (𝜓, £1 × £2) be BSF over 𝜇 . then a pair (𝜇, 𝜓) is BSF 

approximation space. The 𝐴𝐵𝑆𝐹  -BSF lower approximation space 

and the 𝐴𝐵𝑆𝐹  -BSF upper approximation space for 𝑁 ⊆̃  𝜇 and 

defined as following:  

𝜓 (N)=⨆(ⱸ𝑖 , ⱸ𝑗){ ×∈  𝜇, ∃ ⱸ𝑖 , ⱸ𝑗  ∈ £1 × £2, [ ×∈ 𝜓 ⊆̃  𝑁]}, 

𝜓̅ (N)=⨆(ⱸ𝑖 , ⱸ𝑗){ ×∈  𝜇, ∃ ⱸ𝑖 , ⱸ𝑗  ∈ £1 × £2, [ ×∈ 𝜓 ∩ 𝑁 ≠ 0̿]}, 

such that  

𝜓, 𝜓̅  are BSF rough approximation space with respect to 𝐴𝐵𝑆𝐹 . 

3. 2 Example: 

   let be £ = {ⱸ1, ⱸ2, ⱸ3, ⱸ4} , £1 = {ⱸ1, ⱸ2} ,    £2 = {ⱸ3, ⱸ4} ,  let 

μ be universal set consisting of 𝜇 = {×1,×2,×3,×4} , 

N={×1,×2,×3}⊆̃  𝜇, 𝜓: p(𝜇) → 𝑙7
𝑚, for example  3.1 in [1],

𝜓= {(ⱸ1, ⱸ3), {(×1, 0.1), (×2, 0), (×3, 0.3), (×4, 0)}), ((ⱸ1, ⱸ4), {(×1, 0.1), (×2, 0), (×3, 0), (×4, 0.4)}), 

((ⱸ2, ⱸ3), {(×1, 0), (×2, 0.2), (×3, 0.3), (×4, 0)}, ((ⱸ2, ⱸ4), {(×1, 0), (×2, 0.2), ( (×3, 0), (×4, 0.4)}, to find lower and upper BSF 

approximation space.to find lower and upper BSF approximation space. 
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𝜓 (N)=⨆(ⱸ𝑖 , ⱸ𝑗){ ×∈  𝜇, ∃ ⱸ𝑖 , ⱸ𝑗  ∈ £1 × £2, [ ×∈ 𝜓 ⊆̃  𝑁]}, 

𝜓 (N)={ (ⱸ1, ⱸ3), {(×1, 0.1), (×2, 0), (×3, 0.3)}, ((ⱸ1, ⱸ4), {(×1, 0.1), (×2, 0), (×3, 0}), 

 ((ⱸ2, ⱸ3), {(×1, 0), (×2, 0.2), (×3, 0.3)}, ((ⱸ2, ⱸ4), {(×1, 0), (×2, 0.2), ( (×3, 0)}, 

𝜓̅ (N)=⨆(ⱸ𝑖 , ⱸ𝑗){ ×𝑖∈  𝜇, ∃ ⱸ𝑖 , ⱸ𝑗  ∈ £1 × £2, [ ×𝑖∈ 𝜓 ∩ 𝑁 ≠ 0̿]}, 

𝜓̅ (N)= {(ⱸ1, ⱸ3), {( ×1, 0.1), (×3, 0.3)}), ((ⱸ1, ⱸ4), {( ×1, 0.1)}), 

 ((ⱸ2, ⱸ3), {(×2, 0.2), (×3, 0.3)}, ((ⱸ2, ⱸ4), {(×2, 0.2)}, 

𝐴̅𝐵𝑆𝐹  (N)= 

{(ⱸ1, ⱸ3), {×1 ,×3}), ((ⱸ1, ⱸ4), { ×1}), ((ⱸ2, ⱸ3), {(×2,×3}, 
((ⱸ2, ⱸ4), {×2}, 

𝐴𝐵𝑆𝐹(N)={ (ⱸ1, ⱸ3), {×1,×2 ,×3}), ((ⱸ1, ⱸ4), {×1,×2 ,×3}), 

 ((ⱸ2, ⱸ3), {×1,×2 ,×3}), ((ⱸ2, ⱸ4), {×1,×2 ,×3}). Thus 𝐴̅𝐵𝑆𝐹  

(N)≠  𝐴𝐵𝑆𝐹(N), so upper to lower- BSF approximation space  

𝐴̅𝐵𝑆𝐹  ( 𝐴𝐵𝑆𝐹(N)) = { (ⱸ1, ⱸ3), {×1,×3}), ((ⱸ1, ⱸ4), {×1}), 

 ((ⱸ2, ⱸ3), {×2 ,×3}), ((ⱸ2, ⱸ4), { ×2}) = 𝐴̅𝐵𝑆𝐹  (N) 

3. 3 Definition:  

Let (𝜇, 𝜓) is BSF approximation space. The BSF positive region, 

BSF negative region and BSF boundary region defined as 

following: 

Pos𝜓(𝑁) =𝜓 (N) 

Neg 𝜓(𝑁) = 𝜇 − 𝜓̅ (N) =(𝜓(𝑁))𝑐 ; 

Bound 𝜓(𝑁) = 𝜓̅ (N)- 𝜓 (N).  are called 𝐴𝐵𝑆𝐹  -BSF positive 

region, the ABSF -BSF negative region an 𝐴𝐵𝑆𝐹  -BSF boundary 

region of N.  ƒ𝜓̅ (N)= ƒ𝜓 (N) if and only if Bound ƒ𝜓(𝑁) = 0.̿                                                                          

Then N is said to beABSF -BSF definable, otherwise N is 

called 𝐴𝐵𝑆𝐹  BSF rough. 

𝑨𝑩𝑺𝑭 = {
= 0,̿         𝑁 𝐵𝑆𝐹𝑑𝑒𝑓𝑖𝑛𝑎𝑏𝑙𝑒

≠ 0,̿       𝑁 𝐵𝑆𝐹 𝑟𝑜𝑢𝑔ℎ
 

Moreover, the BSF accuracy of N defined,  

𝑀𝐵𝑆𝐹(𝑁) = 𝑀𝜓(𝑁) = |
 𝜓 (𝑁)

𝜓̅ (𝑁)
|  , where |𝐴𝐵𝑆𝐹

̅̅ ̅̅ ̅̅ | ≠ 0,̿ is called ABSF 

-BSF-accuracy of N.  

3. 4 Example:  

  Let  £ = {ⱸ1, ⱸ2, ⱸ3, ⱸ4} , £1 = {ⱸ1, ⱸ2} , £2 = {ⱸ3, ⱸ4} , μ be 

universal set consisting of 𝜇 = {×1,×2,×3,×4} 

,N={×1,×2,×3}⊆̃  𝜇,𝜓: p(𝜇) → 𝑙7
𝑚, 

𝜓= {(ⱸ1, ⱸ3), {(×1, 0.1), (×2, 0), (×3, 0.3), (×4, 0)}), ((ⱸ1, ⱸ4), {(×1, 0.1), (×2, 0), (×3, 0), (×4, 0.4)}), 

((ⱸ2, ⱸ3), {(×1, 0), (×2, 0.2), (×3, 0.3), (×4, 0)}, ((ⱸ2, ⱸ4), {(×1, 0), (×2, 0.2), ( (×3, 0), (×4, 0.4)}, to find positive, negative and boundary BSF 

binary soft fuzzy set. 

 

Pos𝜓(𝑁) =𝜓 (N) 

Neg 𝜓(𝑁) = 𝜇 − 𝜓̅ (N) =(𝜓(𝑁))𝑐 ; 

Bound 𝜓(𝑁) = 𝜓̅ (N)- 𝜓 (N).                

Pos𝜓(𝑁)={ (ⱸ1, ⱸ3), {(×1, 0.1), (×2, 0), (×3, 0.3)}, ((ⱸ1, ⱸ4), {(×2, 0), (×3, 0)}, 

 ((ⱸ2, ⱸ3), {(×1, 0), (×2, 0.2), (×3, 0.3)}, ((ⱸ2, ⱸ4), {(×2, 0), (×3, 0)}, 

Neg 𝜓(𝑁) ={(ⱸ1, ⱸ3), {( ×2, 0), (×4, 0)}), ((ⱸ1, ⱸ4), {( ×1, 0.1)}), 

 ((ⱸ2, ⱸ3), {(×1, 0), (×4, 0)}, ((ⱸ2, ⱸ4), {(×1, 0), (×3, 0), (×4, 0.4)} 

Bound 𝜓(𝑁)= {(ⱸ1, ⱸ3), {0}), ((ⱸ1, ⱸ4), { 0}), ((ⱸ2, ⱸ3), {0}, ((ⱸ2, ⱸ4), {0}} is 

BSF definable.

 

𝑀𝐵𝑆𝐹(𝑁) = 𝑀𝜓(𝑁) = |
 𝜓 (𝑁)

𝜓̅ (𝑁)
| = ||

((ⱸ1,ⱸ3),{(×1,0.1),((×2,0),((×3,0.3)})((ⱸ1,ⱸ4),{((×1,0.1),(×2,0),((×3,0)}),

((ⱸ2,ⱸ3),{(×1,0),(×2,0.2),((×3,0.3)},,(ⱸ2,ⱸ4),{(×1,0),((×2,0.2),((×3,0)})

((ⱸ1,ⱸ3),{(×1,0.1),((×3,0.3)})((ⱸ1,ⱸ4),{((×1,0.1)}),

((ⱸ2,ⱸ3),{(×2,0.2),((×3,0.3)},,(ⱸ2,ⱸ4),{(×2,0.2)})

||=|
((ⱸ1, ⱸ3), {(×2, 0)}), ((ⱸ1, ⱸ4), {((×2, 0), ((×3, 0)}, (ⱸ2, ⱸ3), {(×1, 0)})) ,

(ⱸ2, ⱸ4), {(×1, 0), ((×3, 0)}
.

|  

 

is BSF accuracy. To represented example above in MATLAB we get three figures, this three method different to represented data's by 

method accuracy in MATLAB in Figure 1 (a, b, c). 
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Figure 1. a: Graph Representation of Binary Soft Fuzzy Set. 

 

 

Figure 1. b: Membership Values for Each Set. 

 

 

Figure 1. c: Binary Soft Fuzzy Set non-accuracy Representation. 

3. 5 Proposition:  

Let (𝜓, £1 × £2) be BSF over 𝜇  and a pair (𝜇, 𝜓) is BSF 

approximation space for ∀ ×𝑖 ,×𝑗 ⊆̃ 𝜇 , then following are holds:  

1-𝜓 (0̿)= 𝜓̅ (0̿ ) =0̿, 

2-𝜓 (1̿)= 𝜓̅ (1̿ ) =1̿, 

3-𝜓̅ (𝜇)=𝜓(𝜇) = ⨆(ⱸ𝑖,ⱸ𝑗)∈£1×£2

(𝜓)
, 

4-𝜓( ×𝑖 ⨅ ×𝑗) ⊆̃ 𝜓 ( ×𝑖)⨅𝜓(×𝑗), 

5-𝜓 (×i)⨆𝜓(×j) ⊆̃ 𝜓 (×i ⨆ ×j), 

6-𝜓̅(×𝑖 ⨆ ×𝑗) = 𝜓̅(×i)⨆𝜓̅(×j),  

7- 𝜓̅  ( ×𝑖 ⨅ ×𝑗) ⊆̃ 𝜓̅( ×𝑖)⨅𝜓̅(×𝑗), 

8- if ×𝑖⊆̃ ×𝑗 then 𝜓( ×𝑖) ⊆̃  𝜓(×𝑗),  

9-  if ×𝑖⊆̃ ×𝑗 then 𝜓̅  ( ×𝑖) ⊆̃  𝜓̅  (×𝑗),      

Proof: to prove 1,2 

 since BS lower (∅) = 𝐵𝑆 𝑢𝑝𝑝𝑒𝑟(∅) = ∅ … … … . .1                                                                                                                                                  

  and Bf lower (0̃) = 𝐵𝑓 𝑢𝑝𝑝𝑒𝑟(0̃) = 0̃ … … … …   2                                                                                                                                                  

  and from1and 2 we get  𝜓 (0̿)= 𝜓̅ (0̿ ) =0̿, 

  By the same way we get 𝜓 (1̿)= 𝜓̅ (1̿ ) =1̿. 

3-To prove 𝜓̅ (𝜇)=𝜓(𝜇) = ⨆(ⱸ𝑖,ⱸ𝑗)∈£1×£2

(𝜓)
, 

𝜓̅ (𝜇)= 𝜇⨅⨆(ⱸ𝑖,ⱸ𝑗)∈£1×£2

(𝜓)
= ⨆(ⱸ𝑖,ⱸ𝑗)∈£1×£2

(𝜓)
, 

4-Since ( ×𝑖 ⨅ ×𝑗) ⊆̃×𝑖 and ( ×𝑖 ⨅ ×𝑗) ⊆̃×𝑗, 

𝜓( ×𝑖 ⨅ ×𝑗) ⊆̃ 𝜓(×𝑖) and 𝜓( ×𝑖 ⨅ ×𝑗) ⊆̃ 𝜓( ×𝑗), then by 8 

𝜓( ×𝑖 ⨅ ×𝑗) ⊆̃ 𝜓 ( ×𝑖)⨅𝜓(×𝑗). 

5- To prove 𝜓 (×i)⨆𝜓(×j) ⊆̃ 𝜓 (×i ⨆ ×j), 

Since  ×𝑖⊆̃ ×𝑖 ⨆ ×𝑗,  and ×𝑗⊆̃ ×𝑖 ⨆ ×𝑗, 

by 9  𝜓(×𝑖) ⊆̃  𝜓( ×𝑖 ⨆ ×𝑗), 𝜓(×𝑗) ⊆̃  𝜓( ×𝑖 ⨆ ×𝑗), 

𝜓 (×i)⨆𝜓(×j) ⊆̃ 𝜓 (×i ⨆ ×j). 

6-To prove 𝜓̅(×𝑖 ⨆ ×𝑗) = 𝜓̅(×i)⨆𝜓̅(×j), 

since  ×𝑖⊆̃ ×𝑖 ⨆ ×𝑗,  and ×𝑗⊆̃ ×𝑖 ⨆ ×𝑗, 

by 9,  𝜓̅(×𝑖) ⊆̃  𝜓̅( ×𝑖 ⨆ ×𝑗), 𝜓̅(×𝑗) ⊆̃  𝜓̅( ×𝑖 ⨆ ×𝑗) ………...1 
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 From definition 𝜓̅ (N)=⨆(ⱸ𝑖 , ⱸ𝑗){ ×∈  𝜇, ∃ ⱸ𝑖 , ⱸ𝑗  ∈ £1 × £2, [ ×

∈ 𝜓 ∩ 𝑁 ≠ 0̿]}, 

𝜓̅ (×𝑖 ⨆ ×𝑗)=⨆(ⱸ𝑖 , ⱸ𝑗){ ×𝑖 ⨆ ×𝑗∈  𝜇, ∃ ⱸ𝑖 , ⱸ𝑗  ∈ £1 × £2, [ ×𝑖 

⨆ ×𝑗∈ (𝜓𝑖⨆𝜓𝑗  ) ∩ 𝑁 ≠ 0̿]}, 

= 𝜓𝑖  ∩ 𝑁 ≠ 0̿ ∨ 𝜓𝑗  ∩ 𝑁 ≠ 0̿ 

⊆̃ 𝜓̅( ×𝑖)⨆𝜓̅(×𝑗) … … … … … … .2, from 1,2 we get  

𝜓̅(×𝑖 ⨆ ×𝑗) = 𝜓̅(×i)⨆𝜓̅(×j). 

7- Since ( ×𝑖 ⨅ ×𝑗) ⊆̃×𝑖 and ( ×𝑖 ⨅ ×𝑗) ⊆̃×𝑗, 

 since by 8, 𝜓̅( ×𝑖 ⨅ ×𝑗) ⊆̃ 𝜓̅(×𝑖) and 𝜓̅( ×𝑖 ⨅ ×𝑗) ⊆̃ 𝜓̅( ×𝑗), 

 𝜓̅( ×𝑖 ⨅ ×𝑗) ⊆̃ 𝜓̅( ×𝑖)⨅𝜓̅(×𝑗). 

8- If ×𝑖⊆̃ ×𝑗 , 𝜓( ×𝑖)=⨆(ⱸ𝑖 , ⱸ𝑗){ ×∈  𝜇, ∃ ⱸ𝑖 , ⱸ𝑗  ∈ £1 ×

£2, [ ×𝑖∈ ƒ𝜓𝑖  ⊆̃  𝑁]}, 

𝜓( ×𝑗)=⨆(ⱸ𝑖 , ⱸ𝑗){ ×∈  𝜇, ∃ ⱸ𝑖 , ⱸ𝑗  ∈ £1 × £2, [ ×𝑗∈ 𝜓𝑗  ⊆̃  𝑁]}, 

since  ×𝑖⊆̃ ×𝑗, so  𝜓( ×𝑖) ⊆̃  𝜓(×𝑗).                                                                                                         

9- If ×𝑖⊆̃ ×𝑗 , 𝜓̅( ×𝑖)=⨆(ⱸ𝑖 , ⱸ𝑗){ ×∈  𝜇, ∃ ⱸ𝑖 , ⱸ𝑗  ∈ £1 ×

£2, [ ×𝑖∈ (𝜓𝑖  ) ∩ 𝑁 ≠ 0̿]}, 

𝜓̅( ×𝑗)=⨆(ⱸ𝑖 , ⱸ𝑗){ ×∈  𝜇, ∃ ⱸ𝑖 , ⱸ𝑗  ∈ £1 × £2, [ ×𝑗∈ (𝜓𝑗  ) ∩ 𝑁 ≠

0̿]}, 

since  ×𝑖⊆̃ ×𝑗, so  𝜓̅( ×𝑖) ⊆̃  𝜓̅(×𝑗).   

3. 6 Proposition:  

Let (𝜓, £1 × £2) be BSF over 𝜇 , the pair (𝜇, 𝜓) is BSF 

approximation space for the for each 𝑁 ⊆̃ 𝜇 , then following are 

holds:  

1-𝜓 (𝜓(𝑁))=𝜓 (N) , 

2-𝜓̅ (𝑁)  ⊆̃  𝜓̅ (𝜓̅(𝑁)), 

3-𝜓  (𝑁)  ⊆̃  𝜓̅ (𝜓(𝑁)), 

4-𝜓( 𝜓̅( (𝑁)) ⊆̃ 𝜓̅(𝑁)). 

Proof: 

1-To prove 𝜓 (𝜓(𝑁))=𝜓 (N) from definition BSF lower 

approximation,  

𝜓 (N)=⨆(ⱸ𝑖 , ⱸ𝑗){ ×∈  𝜇, ∃ ⱸ𝑖 , ⱸ𝑗  ∈ £1 × £2, [ ×∈ 𝜓 ⊆̃  𝑁]}, 

by using BSF lower of 𝜓 (N) anther, hence 𝜓 (𝜓(𝑁))=𝜓 (N). 

This is clear equality in example 3.2. 

2- To prove 𝜓̅ (𝑁)  ⊆̃  𝜓̅ (𝜓̅(𝑁)), The definition of BSF upper 

approximation,  

𝜓̅ (N)=⨆(ⱸ𝑖 , ⱸ𝑗){ ×∈  𝜇, ∃ ⱸ𝑖 , ⱸ𝑗  ∈ £1 × £2, [ ×∈ 𝜓 ∩ 𝑁 ≠ 0̿]}, 

by using BSF upper of 𝜓̅ (N) anther, since 𝜓 ∩ 𝑁 ≠ 0̿ ⊆̃  (  𝜓 ∩

𝑁(𝜓 ∩ 𝑁 ≠ 0̿)) , hence 𝜓̅ (𝑁)  ⊆̃  𝜓̅ (𝜓̅(𝑁)). 

3- To prove 𝜓  (𝑁)  ⊆̃  𝜓̅ (𝜓 (𝑁)), from definition BSF lower 

approximation, 𝜓 (N)=⨆(ⱸ𝑖 , ⱸ𝑗){ ×∈  𝜇, ∃ ⱸ𝑖 , ⱸ𝑗  ∈ £1 × £2, [ ×∈

𝜓 ⊆̃  𝑁]},using BSF upper 𝜓  (𝑁) 

𝜓̅ (N)=⨆(ⱸ𝑖 , ⱸ𝑗){ ×∈  𝜇, ∃ ⱸ𝑖 , ⱸ𝑗  ∈ £1 × £2, [ ×∈ 𝜓 ∩ 𝑁 ≠ 0̿]}, 

since×∈ 𝜓 ⊆̃  𝑁]} ⊆̃  (  𝜓 ∩ 𝑁(𝜓 ∩ 𝑁 ≠

0̿)),  hence 𝜓  (𝑁)  ⊆̃  𝜓̅ (𝜓 (𝑁)) 

4- To prove   𝜓(𝜓̅ (𝑁)) ⊆̃  𝜓̅  (𝑁) from definition BSF lower 

approximation, 𝜓 (N)=⨆(ⱸ𝑖 , ⱸ𝑗){ ×∈  𝜇, ∃ ⱸ𝑖 , ⱸ𝑗  ∈ £1 × £2, [ ×∈

𝜓 ⊆̃  𝑁]},using BSF upper 𝜓  (𝑁)  

𝜓̅ (N)=⨆(ⱸ𝑖 , ⱸ𝑗){ ×∈  𝜇, ∃ ⱸ𝑖 , ⱸ𝑗  ∈ £1 × £2, [ ×∈ 𝜓 ∩ 𝑁 ≠ 0̿]}, 

since×∈ 𝜓 ⊆̃  𝑁]} (  (𝜓 ∩ 𝑁 ≠ 0̿)) ⊆̃ ×∈ 𝜓 ∩ 𝑁 ≠

0̿, hence 𝜓(𝜓̅ (𝑁)) ⊆̃  𝜓̅  (𝑁)  

3. 7 Proposition:  

    Let (𝜓, £1 × £2) be BSF over 𝜇 ,The pair (𝜇, 𝜓) is BSF 

approximation space for the for each 𝑁 ⊆̃ 𝜇 , then following are 

holds:  

1-𝜓 (𝜇))=𝜇 , 

2-𝜓( 𝜓̅( (𝑁)) = 𝜓̅(𝑁) , ∀𝑁 ⊆̃ 𝜇. 

Proof: 

1- Let (𝜓, £1 × £2) be BSF over 𝜇, then by proposition 2.4 . By 

(1) to prove 𝜓 (𝜇))=𝜇  

𝜓 (𝜇)=⨆(ⱸ𝑖 , ⱸ𝑗){ ×∈  𝜇, ∃ ⱸ𝑖 , ⱸ𝑗  ∈ £1 × £2, [ ×∈ 𝜓 ⊆̃  𝜇]} =  𝜇 

2- By proposition 3.5 we get  𝜓( 𝜓̅( (𝑁)) ⊆ 𝜓̅(𝑁) , ∀𝑁 ⊆̃ 

𝜇 … … … … … . .1.   The second direction, since 𝑁 ⊆̃  𝜓̅(𝑁) , ∀𝑁 

⊆̃ 𝜇. By proposition 2.5 and proposition 2.4, hence 𝑁 ⊆̃ 𝜓( 𝜓̅( 

(𝑁) , ∀𝑁 ⊆̃ 𝜇. So that 𝜓( 𝜓̅( (𝑁)) ⊆̃ 𝜓̅(𝑁)) and 

 𝜓̅ (N)=⨆(ⱸ𝑖 , ⱸ𝑗){ ×∈  𝜇, ∃ ⱸ𝑖 , ⱸ𝑗  ∈ £1 × £2, [ ×∈ 𝜓 ∩ 𝑁 ≠

0̿]  ⊆̃ 𝜓( 𝜓̅( (𝑁), 

So that  𝜓̅(𝑁)  ⊆  𝜓( 𝜓̅( (𝑁))……………..2, from 1,2 then  𝜓( 

𝜓̅( (𝑁)) = 𝜓̅(𝑁) , ∀𝑁 ⊆̃ 𝜇.  

This proposition 3.4 we represent BSF lower approximation and 

BSF upper approximation in Table 1 from feng approach.  

This answers the value between 0̿, 1̿, table 1: 
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Table 1: BSF lower approximation and BSF upper approximation. 

Nu. 𝜓(N) 𝜓̅(𝑁) 

1 1̿ 1̿ 

2 1̿ 1̿ 

3 0̿ 0̿ 

4 0̿ 1̿ 

5 1̿ 1̿ 

6 1̿ 1̿ 

7 1̿ 1̿ 

8 1̿ 1̿ 

9 1̿ 1̿ 

4 Future work 

we work – on fuzzy (minimal, connected), binary soft fuzzy of 

minimal approximation and binary soft fuzzy of connected 

approximation. 

5 Conclusion   
The Soft Fuzzy set is a new field of development and with its help 

not only new decision-making models and problems via the 

interactive soft computing complexity and time analysis but new 

mathematical models may be evolved which will be incentive to 

the natural sciences such as information systems, biomathematics 

and other. The novel structure of binary soft fuzzy approximation 

space is introduced in this paper. An attempt has been made to 

discuss some of the basic notions and concepts. the purpose of 

this paper is just to introduce the theorem and there are many 

opportunities for investigation for the researchers in this area, i. 

e. this is starting of some new kind of soft fuzzy approximation 

space structure and the such concepts like binary soft fuzzy lower 

and BSF upper and another basic concepts as, separation 

principles, and other things can be diverse about this new type of 

soft fuzzy reliability. 
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