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ABSTRACT

This study focuses on developing a topological framework for studying a generalized prime system (GPS), based on constructing
specialized topological spaces determined by such systems (GPS-determined topological spaces). The research demonstrates how nested
open sets and discrete thresholds govern the distribution and asymptotic behavior of generalized primes. The main contributions include
a complete topological characterization of generalized prime counting functions, systematic methods for constructing generalized
primes, and a concrete example illustrating the practical application of these theoretical results. This work enriches traditional analytical
approaches by introducing new topological tools, opening promising interdisciplinary research avenues in analytic number theory and

topology.
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1 Introduction

The distribution of prime numbers is a central theme in analytic
number theory, having received extensive attention since the 19th
century due to its deep connections with analytic
functions, particularly the Riemann zeta function. In the 1930s,
Arne Beurling M extended these ideas by introducing generalized
prime systems. While most previous studies have relied on
analytic and number-theoretic approaches, this research offers a
new perspective by employing topological methods in the study
of such systems. It develops a topological framework that
contributes to establishing new links between number theory and

topology.

By constructing specialized topological spaces determined by
GPS, this work demonstrates that nested open sets and discrete
thresholds play a fundamental role in governing the distribution
and asymptotic behavior of generalized prime numbers. The core
contributions of this study are: (1) a complete topological
characterization of generalized prime counting functions, (2)
systematic methods for constructing generalized primes, and (3)
a concrete example is presented to illustrate the practical
relevance of these theoretical insights.

These findings provide topological tools that enrich the
traditional analytic study of generalized primes and open
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promising avenues for interdisciplinary research. The structure of
this work is as follows: Chapter Two introduces the fundamental
concepts; Chapter Three defines the GPS-determined sets and
their associated topologies; Chapter Four presents the main
results; and Chapter Five presents the conclusion.

2 Fundamental Concepts

Before exploring the topological framework, we first review the
key analytical tools underlying generalized prime systems. For
further elaboration, the reader is referred to [t [2) [3] [4]. and [10]

2. 1 Notation and Preliminaries

Let B be the space of all right-continuous functions q:R — C that
are zero on (-oo, 1) and of local bounded variation (see ). Let
B* c B denote the subspace consisting of all increasing
functions. For any real number a, we define

*B, ={q€B:q(1) = a},

e Bl =B*nB,.
The Mellin-Stieltjes convolution of g, w € B is defined by
(@w)®) = f;_a (5) dw(o).
If g €By4, then there exists a function w € B, such that
q=exp*w,

which means
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where w™ = w* w* @D w0 =i Also, g=exp*w < q*
wy, = qr,, Where q;, € B is defined by

qL = fltlogxdq(x), fort > 1. (see B)

For g € B, the Mellin transform of q is given by

a(s) = J;” 5da(,

which exists if q(t) = 0(tP) for some D > 0. Note that

q*w =¢qWandexp*q = exp §.

2. 2 Generalized Prime System (GPS)

The structure of this system is defined by an increasing sequence
of positive real numbers

I

satisfying the following conditions:

P={b;, by, bs,...

ob, > 1,

b, < b, << b <

e limb; = oo.

i»o0

The elements b; are called generalized primes. From these, one
can form the associated generalized integers (denoted by N); that
is, the numbers of the form

b3l b3? ...b2r, wherer € N and ay, ..., a, € Ny,

Each generalized prime system is associated with two

fundamental counting functions:

e The generalized prime counting function, denoted by &p, is
defined as

7,(0) = T 1,
bep

e The generalized integer counting function, denoted by Np, is

defined as
Np(t) = stg 1.
meN

These systems are classified as discrete systems, where their
associated counting functions npand Np are step functions with
integer jumps.

The weighted generalized prime counting function Hp is defined
as

1,0 = Eiur 2 7 (10).
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This function is related to the generalized Chebyshev function 1]Jp
via the following relation

NGRS fltlog udIl, (w).

The generalized (or Beurling) zeta function ép, associated with a
generalized prime system, is given by

8o() = [7 AN (O = Ty m™.

It is related to IT,, via

$p(s) = exp{J}” t7° dIT, (D)},

for all s € C where the series ), m~Sconverges.

The concept of "generalized primes"”, as defined earlier, can be
extended to include more general increasing functions, (not
necessarily step functions). This leads to the following
definitions. (see [ [ [101)

2. 2. 1 Definition

An outer generalized prime system (OGPS) is a pair (I, N) with
IT1 € B, N € Bfsuch that

N = exp = II.

2. 2. 2 Definition

A generalized prime system is an OGPS for which there exists
n € B¢ such that

f1(0) = Sy & (). (4 Def. 1.3)

2. 2. 3 Remark

a) Using Mobius inversion, &(t) can be expressed as
*(0) = Dosy M2 1 ().

L1 .
Since I1 (tw) decreases with w and Z?;:l%w)

sum always converges for IT € B*.

converges, this

b) A generalized prime system is discrete if nis a step function
with integer jumps. In this case, the step is the multiplicity,

and the generalized primes are the discontinuities of, . (A,
p.5)

c) An OGPS (I1, N) is continuous if N (and hence, IT) is
continuous in (1,00).

d) For an OGPS (I, N), let s = IT,, denote the Chebyshev
function. Note that s € B and that

N. = * N is equivalent to N = exp = II. (see 2 BI)
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3 GPS-Determined Sets and the Associated Topology

We define a collection of subsets of Y = [1, ), called GPS-
determined sets, as follows:

3. 1 Definition
For a function f € B, the set Y{ is defined by
Yi:={teY|f(t) >n}

foralln € N, = {0} UN. The set Y{ is called a GPS-determined
set in Y if the function f satisfies the following conditions:

1.f(1) = 0,and f(t) » 0 ast — oo,
2. fis continuous and strictly increasing on Y.

3. fis linked to an outer generalized prime system (I1, N) via the
formula:

_ oy HW) 2
f() = Do B 11 (1),
where p is the Mdbius function.

3. 2 Proposition

Let Y{ and Y] be GPS-determined sets in [1, ©). Then:
a. Y{ =Y whenever i = 0.
b. Y N Y] = Yy -

. YUY, =Y ap-
d. The complement of Y{ in YisY\Yf = {te Y | t < i}.
e. Y/ € Y/ whenever j < i.

Proof. Straightforward

3. 3 Proposition

For any n € N, the GPS-determined set Y! is non-empty.
Proof. Straightforward

3. 4 Definition

The GPS-determined topology Tgps on Y is defined as
Teps := {Ya € Y I n € No} U {8},

where Y! is a GPS-determined set in Y, and n € N,. The pair
(Y, Tgps) is referred to as a GPS-determined topological space. It
is straightforward to verify that T;pg satisfies the axioms of a
topology. (See 3. 5 Theorem).

3.5 Theorem

Tgps IS a topology on Y.
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Proof.
We verify that Tgpg satisfies the three conditions for a topology:

i) Since Y = Y¢, it follows that Y belongs to Tgpg as required. The
empty set @ also belongs to Tgps (by definition).

ii) Let Uy, U, € Tgps. For each m € {1,2}, U, is either a GPS-
determined set inY or U, = @. Let S = U; n U,. We must
prove that S € Tgpg; that is, we must prove that S is a GPS-
determined set in Y, or that S = @.

IfU1=®OrU2=®,thenS=Uan2 @.

If both U, # @ and U, # @, then there exist Y € Y and Y/ € Y
such that U; = Y{ and U, = Y. Therefore,

f
Ymax (i,j)r

U;nU, =Y nY =

which implies $ = Yf i), as desired. Thus, in either case, S €

TGPS'

iii) The proof of condition (iii) follows a similar approach to that
of condition (ii).

Hence, (Y, Tgps) is @ GPS-determined topological space.

©

4 Asymptotic Behavior and Applications

4.1 Theorem

Let Y =[1,0), and let Tgps = {YL S Y| n € Ny} U {@} be a
GPS-determined topology on Y. Then, there exists a sequence of
generalized primes P = {b, },»; directly derived from Tgpg, such
that:

1- For any t > 1 (excluding the trivial open set Y§ = Y):
T, (t) = Number of open sets Y! containing t.

2- The function 1, satisfies:

1, () = f(t) + 0(1).

Proof.

The topology Tgps is generated by the GPS-determined sets
Y. ={t€Y|f(t) >n}, n€EN,.

These sets satisfy the nested property

Yi,,c Yf forall n € Ny,

since f(t) =n+ 1= f(t) = n.

This nested structure imposes a rigid order on Y, creating a
sequence of "thresholds" that encode the asymptotic behavior of
f.
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Note that Y = Y is the trivial open set, as f(t) > 0 holds for all
t € Y. We exclude Y{ from our analysis because it does not
provide meaningful information about the structure of P.

For each n € N, define the threshold M, :

M, =min{t € Y| f(t) = n}.

By definition, M,, is the smallest element in the open set Y, i.e.,
M, = min(Y{).

Since f is strictly increasing, continuous, and unbounded (f(t) —»
o0 as t — o), each Y # @ and can be written as

YIE = [Mp, ).
The sequence {M_} satisfies
1<M; <M, < ..and M, - ©asn — oo,

The following figure illustrates the distribution of thresholds M,

The diagram highlights how these thresholds increase
sequentially with n, reflecting the nested structure of the open sets
YE. These thresholds form the foundation for constructing P.

=

We_construct the sequence of generalized primes P ={b,} by
setting,

b, = M,,.

The properties of {M,} ensure that

1<b; <b, < ..andb, » ®)asn — oo,

The associated counting function 1t is defined by

ﬁp (t) = an <t1.

neN
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Since M;, = b,,,

T, (t) = max{n € N | M,, < t}.
By definition,

Yi = [My, ).

Therefore, for a givent > 1,
te Y! ifand only if M,, < t.

Thus, the number of open sets Y containing t (excluding the
trivial open set Y, =) is equal to the number of indices n for
which M,, < t. This is precisely the definition of ,:

ﬁp(t) = an <t1l.

neN
Thus, we have
T, (t) = Number of open sets Y! containing t.

For any t = 1, if there exists n € N such that M, <t < M,,,4,
then

T, (1) = n.

Since f is strictly increasing and continuous, we have
n <f(t) <n+1forte M, M),

which implies

0<f()—m,(t) <1 If t<M;, then Ttp(t) =0, and since
f(t) < 1 for t < M;, we have

0<f() —m,(t) <1
Thus, in all cases, we conclude
T, (1) = f(t) + 0(1) forallt > 1.

©

4. 2 Example

Let Tgps = {Yf S YIne€eNy}u{@} be an GPS-determined
topology on [1, ), where f is defined as

— ' (log )"
f(t) - Zr:l my

here, T denotes the Riemann zeta function.

Then, there exists a discrete generalized prime system P with the
following properties:

1- The function I, satisfies

J-t 1-u~t

1 logu

M, = du + O(loglogt).
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2- For some positive constantp > 0 and for all £ > 0, the
function N satisfies
1
Np(t) =pt+ O(te—\/? (logtloglogt)i)'

This asymptotic behavior implies that the generalized zeta
function ¢, satisfies

Zp(e + ix) « (x9),asx = oo,

in this region:

1-0« 1 ’ (1-¢) logx,
4 X

for some q > 0.
Proof.

We apply Theorem 4.1 with the function

(log )"
riri(r+1)’

f(t) = Xia

This allows us to construct a sequence of generalized primes P
= {bp}n=1, Where

1<b1 < b2 <"',
and the function 1, satisfies

ﬁp (t) = ZMn <t1

neN
= f(t) + 0(1).
Here,
M, = min{tEYIZ?';l%2 o}

is the smallest element in the open set YL, and M,, = b,,.

This approximation 1t,(t) = f(t) + O(1) is crucial for deriving
the asymptotic behavior of I1, and Np. By definition,

. w 1. (X L (e
10 = 52y (8) = Sty (),

where the terms become identically zero as soon as n
logt/logM;.

Thus,

Hp(t) = Yns logt/logMI%(f(t%) +0(1))
o)

1
Tnstogt/1og, = (1) + O(log (log t/log My)).

1 1
Ens logt/log My ;f(t“) +0 (Zns logt/log M
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This leads to

1

Sup ](f(c))’ 2> logt/logM; % + loglog t)

. 1
M,(0) = ¥, 2f(tn) +0 ( sup
celLMy
=1 %f(t%) + O(loglogt)
= ﬂﬁ(t) + 0(loglogt),

where we have set

t1-u~t
= du
fl logu

go(t) 1= X2, %f(t%)
Since s, (t) := [ log udrl, (), we first compute
fltlogu dll5p(t) = t — logt — 1.

This gives

Pp(®) = [ logudrl,(u) = J{ log u dIT5(w)

+f1tlogud(f[p(u) — M55 (w))
=t—logt—1 +

Ik UNORN I

1 u

(I, (t) — M5p(D) logt —
t+ 0(logtloglogt) + o(flt(logili“) du)

O(logtloglogt)

. . logtloglogt
Since lim ~£—E28
t

—00

= 0 forany € > 0, it follows that

Pp(t) = t+ 0(t%), Ve > 0.

Applying [2. 2 Theorem in ["1], we derive the asymptotic formula
for Np (t):

1
Np(t) =pt+ O(te_g (logtloglogt)f)

for some positive constant p > 0.
Finally, we apply [2. 2 Theorem in 1] with the function

— 1
vize (logtloglogt)z.

4

k(t) =

Substituting t with et, we obtain

— 1 — 1
k(et) = \/? (loget loglogeY)z = ‘/? (tlogt)z.
This implies
Let) _ 1 [(@-¢&)logt

t 4 t

t
The function @ is decreasing. Since all the conditions of the

theorem are satisfied, we conclude that
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(0 + ix) « (x9),

in this region:

for 1—0 « = /m,
4 X

for some q > 0.

©

5 Conclusion

Our main result (4. 1 Theorem) proves that the nested open sets
Y! = [M,, o), where M, = min{t € Y | f(t) > n}, define the
generalized prime sequence P = {M, } and encode the asymptotic
distribution of generalized primes via the relation 1, (t) = f(t) +
0(1). 4. 2 Example provides an explicit implementation. These
results yield: (i) a complete topological characterization of
generalized prime counting functions, and (ii) systematic
methods for constructing generalized primes. These results also
open promising avenues for future interdisciplinary research at
the intersection of number theory and topology.
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