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ABSTRACT 
A cubic Q-algebra is a generalization of a fuzzy Q-algebra. This work explores important concepts in Q-algebras, including cubic Q-

positive implicative ideals, cubic Q-implicative ideals, and cubic Q-commutative ideals, and investigates their fundamental properties. 

The most important results obtained are: In a commutative Q-algebra. If any ideal is a cubic positive Q-implicative ideal, then it is a 

cubic Q-implicative ideal. But the converse does not hold. There is no connection between cubic positive Q-implicative ideals and cubic 

Q-commutative ideals, nor is there a relationship between cubic Q-implicative ideals and cubic Q-commutative ideals. Any cubic Q-

positive implicative ideal is a cubic BCK-ideal, and the converse statement is true under certain conditions. 
https://creativecommons.org/licenses/by-nc/4.0/ 
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1 Introduction  

Two new classes of abstract algebras, BCK and BCI-algebra, 

were introduced by Imai and Iseki [1]. BCI-algebra is a 

generalization of BCK-algebra. Many papers presented this 

structure in different ways; see [2, 3, 4, and 5]. 

Hu and Li [6] studied BCH-algebra, and they showed that the class 

of BCI-algebra is a proper subclass of BCH-algebra. Neggers et 

al. [7] introduced the notion of Q-algebra, which is a 

generalization of BCK/BCI/BCH-algebras. In 2009, Abdel Naby 

et al. [8] introduced the fuzzy Q-ideal in Q-algebra, and Mostafa 

et al. [9 and 10] studied the notions of interval-valued fuzzy Q-ideals 

and intuitionistic fuzzy Q-ideals. After that, Abdullah and Jawad 
[11] discussed new types of Pseudo ideals in Pseudo Q-algebra. 

Combining the idea of fuzzy sets and interval-valued fuzzy sets, 

Jun et al. [12 and 13] introduced the concept of cubic sets. They 

applied it to a subalgebra and a q-ideal of a BCK-algebra and 

studied some of the relations between them. Yaqoob et al [14] 

studied a cubic KU-ideals and they proved some important 

results. Some papers introduced a cubic set in different ways, see 
[15, 16 and 17].  

Satyanarayana and Prasad [18] presented some results on fuzzy 

(implicative, positive implicative and commutative) ideals in 

BCK-algebras. Senapati and Shum[19] studied cubic implicative 

ideals for a BCK-algebra and kareem et al. [20] studied the concept 

of cubic positive implicative ideals in a KU-semigroup. They 

study a cubic positive implicative ideal and the relation between 

a cubic positive implicative ideal and cubic implicative 

(commutative) ideals. Also, these types of ideals can be applied 

to several topological ideals and open sets in topological spaces, 

see [21, 22, 23, 24, 25 and 26]. 

In this work, the three ideals in Q-algebra, such as cubic (Q-

positive implicative, Q-implicative, and Q-commutative) ideals, 

are studied, and some relationship among these types of ideals is 

discussed. 

2 Basic concepts  

Below, we will review some useful definitions, examples, and 

theories to complete our work. 

Definition 2. 1[1]: A BCK-algebra defined as a non-empty 

set ℵ with a binary relation ∗ and a constant 0 satisfying: For all 

 𝜃, ℷ, 𝜖 ∈ ℵ  

BCI1 :  [(𝜃 ∗ ℷ) ∗ (𝜃 ∗ 𝜖)] ∗ (𝜖 ∗ ℷ) = 0, 

BCI2 ∶   (𝜃 ∗ (𝜃 ∗ ℷ)) ∗ ℷ = 0, 

BCI3 :   𝜃 ∗ 𝜃 = 0,      

BCI4 ∶  𝜃 ∗ ℷ = 0  and  ℷ ∗ 𝜃 = 0  implies 𝜃 = ℷ,    

BCI5 ∶   0 ∗  𝜃 = 0. 
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In a BCK-algebra (ℵ,∗ ,0), a binary operation ≤  define by  𝜃 ≤ ℷ 

if and only if 𝜃 ∗ ℷ = 0. 

And then the following axioms hold. For all  𝜃, ℷ, 𝜖 ∈ ℵ,  

BCI 1
′ :   [(𝜃 ∗ ℷ) ∗ (𝜃 ∗ 𝜖)] ≤ (𝜖 ∗ ℷ), 

BCI 2
′ ∶   ( 𝜃 ∗ (𝜃 ∗ ℷ)) ≤ ℷ  , 

BCI 3
′  :    𝜃 ≤ 𝜃,      

BCI 4
′  ∶    𝜃 ≤ ℷ  and  ℷ ≤ 𝜃  implies 𝜃 = ℷ and 

BCI 5
′ ∶    0 ≤  𝜃. 

Proposition2. 2 [1]: In a BCK-algebra ℵ, we have (𝜃 ∗ ℷ) ∗ 𝜖 =
(𝜃 ∗ 𝜖) ∗ ℷ, ∀ 𝜃, ℷ, 𝜖 ∈ ℵ . 

Definition2. 3 [1]: In a BCK-algebra (ℵ,∗ ,0). The non-empty 

subset 𝜓 of ℵ is called a BCK-ideal iff 

1-  0 ∈ 𝜓 

2- 𝜃 ∗ ℷ ∈ 𝐼 and  ℷ ∈ 𝜓  imply 𝜃 ∈ 𝜓. 

Definition2. 4 [7]: A Q-algebra (ℵ,∗ ,0) is a nonempty subset ℵ 

with a constant “0” and a binary operation “ *” satisfying the 

following: 

                        (Q1)  𝜃 ∗ 𝜃 = 0 

(Q2)  𝜃 ∗ 0 = 𝜃, 

(Q3)  (𝜃 ∗ ℷ) ∗ 𝜖 = (𝜃 ∗ 𝜖) ∗ ℷ, ∀ 𝜃, ℷ, 𝜖 ∈ ℵ . 

 In a Q-algebra (ℵ,∗ ,0), a binary operation ≤  define by  𝜃 ≤ ℷ if 

and only if 𝜃 ∗ ℷ = 0. 

Example 2. 5 [7]: Let ℵ={0, x, z }be a set as shown in the table 

below. 

Table 1: A Q-algebra. 

∗ 0 z x 

0 0 0 0 

z z 0 0 

x x 0 0 

Then (ℵ,∗ ,0) is a Q-algebra. 

Proposition 2. 6 [7]: If (ℵ,∗ ,0) is a Q-algebra, then (𝜃 ∗ (𝜃 ∗ ℷ)) ∗

ℷ = 0 for any 𝜃, ℷ ∈ ℵ.  

Definition2. 7: A Q-algebra ℵ is said to be commutative if it 

satisfies the identity 

 (𝜃 ∗ (𝜃 ∗ ℷ)) = (ℷ ∗ (ℷ ∗ 𝜃)), for all 𝜃, ℷ ∈ ℵ. 

Example 2. 8: Let ℵ = {0, 𝑙, 𝑚, 𝑛} be a set and ∗ a binary 

operation defined as follows 

Table 2: a commutative Q-algebra. 

∗ 0 𝒍 𝒎 𝒏 

0 0 0 0 0 

𝒍 𝑙 0 0 𝑙 

𝒎 𝑚 𝑙 0 m 

𝒏 𝑛 n 𝑛 0 

It is easy to show that ℵ is a commutative Q-algebra. 

Definition 2. 9 [7]:. In a Q-algebra (ℵ,∗ ,0). The non-empty subset 

ℒ of ℵ is called a Q-subalgebra if 𝜃 ∗ ℷ ∈ ℒ whenever 𝜃, ℷ ∈ ℒ. 

Definition 2.10 [7]:. In a Q-algebra (ℵ,∗ ,0). The non-empty 

subset 𝜓 of ℵ is called a Q-ideal if,  

i) 0 ∈ 𝜓, 

ii) ∀ 𝜃, ℷ, 𝜖 ∈ ℵ, ((𝜃 ∗ ℷ) ∗ ϵ)) ∈ 𝜓, ℷ ∈ 𝜓 imply 𝜃 ∗
𝜖 ∈ 𝜓. 

Example2. 1 1 [7]: Let ℵ = {0, 𝑙 , 𝑚 , 𝑛, 𝑘} be a set defined by the 

table below. 

Table 3: A Q-ideal. 

∗ 0 𝒍 𝒎 𝒏 𝒌 

0 0 0 0 0 𝑘 

𝒍 𝑙 0 0 𝑙 𝑘 

𝒎 𝑚 𝑚 0 0 𝑘 

𝒏 𝑛 0 𝑛 0 𝑘 

𝒌 𝑘 𝑘 𝑘 𝑘 0 

Then  (ℵ,∗ ,0) is a Q-algebra and it is clear that the set 𝜓 =
{0, 𝑙, 𝑚, 𝑛}  is a Q-ideal of ℵ. 

Proposition 2.12 [7]: In a Q-algebra (ℵ,∗ ,0). Every Q-ideal of ℵ 

is a BCK-ideal. 

Definition 2.13: In a Q-algebra (ℵ,∗ ,0). The non-empty subset 

𝜓 of ℵ is called a commutative Q-ideal if, for each 𝜃, ℷ, 𝜖 ∈ ℵ, 

i) 0 ∈ 𝜓, 

ii)  ((𝜃 ∗ ℷ) ∗ ϵ)) ∈ 𝜓, 𝜖 ∈ 𝜓 imply (𝜃 ∗ (ℷ ∗ (ℷ ∗ 𝜃) ∈
𝜓. 

Definition 2.14 [3]: In a Q-algebra (ℵ,∗ ,0). A fuzzy set 𝜇 in ℵ is 

called a fuzzy BCK-ideal of ℵ, if 

(1) 𝜇(0) ≥ 𝜇(𝜃), for any 𝜃 ∈ ℵ 

(2) 𝜇(𝜃) ≥ min{𝜇(𝜃 ∗ ℷ), 𝜇(ℷ)}, for any 𝜃, ℷ in ℵ. 

Definition 2.15 [8]: In a Q-algebra (ℵ,∗ ,0). A fuzzy set 𝜇 in ℵ is 

called a fuzzy Q-ideal, if 

(1)  𝜇(0) ≥ 𝜇(𝜃), for any 𝜃 ∈ ℵ 
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(2)   𝜇(𝜃 ∗ 𝜖) ≥ min{𝜇((𝜃 ∗ ℷ) ∗ 𝜖), 𝜇(ℷ)}, for any 𝜃, ℷ, 𝜖 in 

ℵ. 

Definition 2. 16 [27]: An interval valued fuzzy set is 𝑉 =<
𝜃, 𝜋̃(𝜃) >, where  𝜋̃: ℵ → 𝐷[0,1], defined as 𝜋̃ =
{(𝜃, [𝜋𝐿(𝜃), 𝜋𝑈(𝜃)]): 𝜃 ∈ ℵ}, where 𝜋𝐿 and 𝜋𝑈 are two fuzzy 

sets such that 𝜋𝐿(𝜃) ≤ 𝜋𝑈(𝜃) and 𝐷[0,1] = {[𝑚𝐿 , 𝑚𝑈]: 𝑚𝐿 ≤
𝑚𝑈 𝑓𝑜𝑟 𝑚𝐿 , 𝑚𝑈 ∈  [0, 1]}, which is all closed sub-intervals ̂of 

[0,1]. 

Definition 2.17 [13]: The structure 𝜛 = {〈𝜃, 𝜋̃𝜛(𝜃), 𝛼𝜛(𝜃)〉 ∶
 𝜃 ∈ ℵ} is called a cubic set in ℵ, such that 

 𝜋̃𝜛(𝜃) = [𝜋𝜛
𝐿 (𝜃), 𝜋𝜛

𝑈 (𝜃)], where 𝜋̃𝜛 ∶ ℵ → 𝐷[0,1] is an interval 

valued fuzzy set and 𝛼𝜛: ℵ → [0,1] is a fuzzy set. The cubic set 

can be written in short form as 𝜛 = 〈𝜋̃𝜛 , 𝛼𝜛〉.  The level subset 

of 𝜛 = 〈𝜋̃𝜛 , 𝛼𝜛〉 which is denoted by 𝑈(𝜛, 𝑡̃, 𝑟) can be defined 

as  𝑈(𝜛, 𝑡̃, 𝑟) = {𝜃 ∈ ℵ: 𝜋̃𝜛(𝜃) ≽ 𝑡̃, 𝛼𝜛 ≤ 𝑟}, for every [0,0] ≼
𝑡̃ ≼ [1,1] and 𝑟 ∈ [0,1]. 

Definition 2.18 [28]: In a Q-algebraℵ. A cubic set 𝜛 = 〈𝜋̃𝜛, 𝛼𝜛〉 
is called a cubic Q-sub-algebra if for each 𝜃, ℷ ∈ ℵ. Then  

(q1) 𝜋̃𝜛(𝜃 ∗ ℷ) ≽ 𝑟𝑚𝑖𝑛 {𝜋̃𝜛(𝜃), 𝜋̃𝜛(ℷ)}.  

(q2) 𝛼𝜛(𝜃 ∗ ℷ) ≤ 𝑚𝑎𝑥{𝛼𝜛(𝜃), 𝛼𝜛(ℷ)}, ∀𝜃, ℷ ∈ ℵ. 

Definition 2.19 [12]: In a Q-algebraℵ. A cubic set 𝜛 = 〈𝜋̃𝜛, 𝛼𝜛〉 
is called a cubic BCK-ideal if: for each 𝜃, ℷ ∈ ℵ. 

(H1)𝜋̃𝜛(0) ≽ 𝜋̃𝜛(𝜃) and 𝛼𝜛(0) ≤ 𝛼𝜛(𝜃). 

(H2)  𝜋̃𝜛(𝜃) ≽ 𝑟𝑚𝑖𝑛{𝜋̃𝜛(𝜃 ∗ ℷ), 𝜋̃𝜛(ℷ)} and 𝛼𝜛(𝜃) ≤
𝑚𝑎𝑥{𝛼𝜛(𝜃 ∗ ℷ), 𝛼𝜛(ℷ)}. 

Definition 2. 20 [28]: In a Q-algebraℵ. A cubic set 𝜛 = 〈𝜋̃𝜛, 𝛼𝜛〉 
is called a cubic Q-ideal if:   for each 𝜃, ℷ, 𝜖 ∈ ℵ. 

(𝐵1) 𝜋̃𝜛(0) ≽ 𝜋̃𝜛(𝜃) 𝑎𝑛𝑑 𝛼𝜛(0) ≤ 𝛼𝜛(𝜃), 

(𝐵2) 𝜋̃𝜛(𝜃 ∗ 𝜖) ≽ 𝑟𝑚𝑖𝑛{𝜋̃𝜛((𝜃 ∗ ℷ) ∗ 𝜖), 𝜋̃𝜛(ℷ)} 𝑎𝑛𝑑 

 𝛼𝜛(𝜃 ∗ 𝜖) ≤ 𝑚𝑎𝑥{𝛼𝜛((𝜃 ∗ ℷ) ∗ 𝜖), 𝛼𝜛(ℷ)}. 

3 Cubic Q-positive implicative-ideals of a Q-algebra 

This part presents definitions of the cubic Q-positive implicative 

ideal, the cubic Q-implicative ideal, and the cubic Q-

commutative ideal of Q-algebras, as well as some of the 

relationships that connect these ideals.  

Definition 3. 1: In a Q-algebraℵ. The cubic set 𝜛 = 〈𝜋̃𝜛, 𝛼𝜛〉 is 

called a cubic Q-positive implicative ideal if for each  𝜃, ℷ, 𝜖 ∈
ℵ 

(𝑪𝒑𝟏 )  𝜋̃𝜛(0) ≽ 𝜋̃𝜛(𝜃) ,  and 𝛼𝜛(0) ≤ 𝛼𝜛(𝜃) 

(𝑪𝒑𝟐)   𝜋̃𝜛(𝜃 ∗ 𝜖) ≽ 𝑟𝑚𝑖𝑛{𝜋̃𝜛((𝜃 ∗ ℷ) ∗ 𝜖), 𝜋̃𝜛(ℷ ∗ ϵ)}, 

            𝛼𝜛(𝜃 ∗ 𝜖) ≤ 𝑚𝑎𝑥 {𝛼𝜛((𝜃 ∗ ℷ) ∗ 𝜖), 𝛼𝜛(ℷ ∗ ϵ)}. 

Example 3.2: Let ℵ = {0, 𝑙 , 𝑚 , 𝑛, 𝑘} be a set defined as example 

2.11 and define 𝜋̃𝜛(𝜃)ˑand  𝛼𝜛(𝜃) by 

Table 4: a commutative Q-algebra. 

ℵ 𝝅̃𝝕(𝜽) 𝜶𝝕(𝜽) 

0 [0.1,0.9] 0.1 

𝒍 [0.1,0.7] 0.2 

𝒎 [0.1,0.6] 0.4 

𝒏 [0.1,0.3] 0.3 

𝒌 [0.1,0.3] 0.5 

We can simply prove that  𝜛 = 〈𝜋̃𝜛, 𝛼𝜛〉 is a cubic Q-positive 

implicative ideal. 

Proposition 3. 3: In a Q-algebraℵ. Let 𝜛 = 〈𝜋̃𝜛 , 𝛼𝜛〉 be a cubic 

Q-positive implicative ideal and θ ≤ ℷ, then  𝜋̃𝜛(θ) ≽ 𝜋̃𝜛(ℷ)  

and 𝛼𝜛(ℷ) ≤ 𝛼𝜛(θ). 

Proof.  

Since θ ≤ ℷ ⇒   θ ∗ ℷ = 0, since 𝜛 = 〈𝜋̃𝜛 , 𝛼𝜛〉 is a cubic Q-

positive implicative ideal, then 

  𝜋̃𝜛(𝜃 ∗ 𝜖) ≽ 𝑟𝑚𝑖𝑛{𝜋̃𝜛((𝜃 ∗ ℷ) ∗ 𝜖), 𝜋̃𝜛(ℷ ∗ ϵ)}, put ϵ = 0 

𝜋̃𝜛(𝜃 ∗ 0) ≽ 𝑟𝑚𝑖𝑛{𝜋̃𝜛((𝜃 ∗ ℷ) ∗ 0), 𝜋̃𝜛(ℷ ∗ 0)}, 

𝜋̃𝜛(𝜃) ≽ 𝑟𝑚𝑖𝑛{𝜋̃𝜛(𝜃 ∗ ℷ), 𝜋̃𝜛(ℷ)} = 𝑟𝑚𝑖𝑛{𝜋̃𝜛(0), 𝜋̃𝜛(ℷ)} =
𝜋̃𝜛(ℷ), also 

𝛼𝜛(𝜃 ∗ 𝜖) ≤ 𝑚𝑎𝑥 {𝛼𝜛((𝜃 ∗ ℷ) ∗ 𝜖), 𝛼𝜛(ℷ ∗ ϵ)}, put ϵ = 0 

𝛼𝜛(𝜃 ∗ 0) ≤ 𝑚𝑎 𝑥{𝛼𝜛((𝜃 ∗ ℷ) ∗ 0), 𝛼𝜛(ℷ ∗ 0)} 

𝛼𝜛(𝜃) ≤ 𝑚𝑎𝑥{𝛼𝜛(𝜃 ∗ ℷ), 𝛼𝜛(ℷ)} = 𝑚𝑎𝑥{𝛼𝜛(0), 𝛼𝜛(ℷ)} =
𝛼𝜛(ℷ).□ 

Proposition 3. 4: Let 𝜛 = 〈𝜋̃𝜛, 𝛼𝜛〉 be a cubic Q-positive 

implicative ideal. If the inequality 𝜃 ∗ ℷ ≤ 𝜖 holds, then 𝜋̃𝜛(𝜃) ≽
𝑟𝑚𝑖𝑛{𝜋̃𝜛(𝜖), 𝜋̃𝜛(ℷ)} and 𝛼𝜛(𝜃) ≤ 𝑚𝑎𝑥{𝛼𝜛(𝜖), 𝛼𝜛(ℷ)}. 

Proof. Let 𝜃 ∗ ℷ ≤ 𝜖, then by pro. 3.3. 𝜋̃𝜛( 𝜃 ∗ ℷ) ≽ 𝜋̃𝜛(𝜖) and 

𝛼𝜛( 𝜃 ∗ ℷ) ≤ 𝛼𝜛(𝜖) and since 𝜛 = 〈𝜋̃𝜛, 𝛼𝜛〉 is a cubic Q-

positive implicative ideal, then  

  𝜋̃𝜛(𝜃 ∗ 𝜖) ≽ 𝑟𝑚𝑖𝑛{𝜋̃𝜛((𝜃 ∗ ℷ) ∗ 𝜖), 𝜋̃𝜛(ℷ ∗ ϵ)}, put ϵ = 0 

𝜋̃𝜛(𝜃 ∗ 0) ≽ 𝑟𝑚𝑖𝑛{𝜋̃𝜛((𝜃 ∗ ℷ) ∗ 0), 𝜋̃𝜛(ℷ ∗ 0)} 

𝜋̃𝜛(𝜃) ≽ 𝑟𝑚𝑖𝑛{𝜋̃𝜛(𝜃 ∗ ℷ), 𝜋̃𝜛(ℷ)}, but 𝜋̃𝜛( 𝜃 ∗ ℷ) ≽ 𝜋̃𝜛(𝜖), 

then 

𝜋̃𝜛(𝜃) ≽ 𝑟𝑚𝑖𝑛{𝜋̃𝜛(𝜖), 𝜋̃𝜛(ℷ)} , also 

𝛼𝜛(𝜃 ∗ 𝜖) ≤ 𝑚𝑎𝑥 {𝛼𝜛((𝜃 ∗ ℷ) ∗ 𝜖), 𝛼𝜛(ℷ ∗ ϵ)}, put ϵ = 0 

 𝛼𝜛(𝜃 ∗ 0) ≤ 𝑚𝑎 𝑥{𝛼𝜛((𝜃 ∗ ℷ) ∗ 0), 𝛼𝜛(ℷ ∗ 0)} 

𝛼𝜛(𝜃) ≤ 𝑚𝑎𝑥{𝛼𝜛(𝜃 ∗ ℷ), 𝛼𝜛(ℷ)}, but 𝛼𝜛( 𝜃 ∗ ℷ) ≤ 𝛼𝜛(𝜖), then 

𝛼𝜛(𝜃) ≤ 𝑚𝑎𝑥{𝛼𝜛(𝜖), 𝛼𝜛(ℷ)}, That's what's needed. □ 
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Theorem 3. 5: Any a cubic Q-positive implicative ideal of ℵ is a 

cubic BCK-ideal. 

Proof. Let  𝜛 = 〈𝜋̃𝜛 , 𝛼𝜛〉  be a cubic Q-positive implicative 

ideal, then 

  𝜋̃𝜛(𝜃 ∗ 𝜖) ≽ 𝑟𝑚𝑖𝑛{𝜋̃𝜛((𝜃 ∗ ℷ) ∗ 𝜖), 𝜋̃𝜛(ℷ ∗ ϵ)}, 

 𝛼𝜛(𝜃 ∗ 𝜖) ≤ 𝑚𝑎𝑥 {𝛼𝜛((𝜃 ∗ ℷ) ∗ 𝜖), 𝛼𝜛(ℷ ∗ ϵ)}, put  𝜖 = 0  we 

get 

𝜋̃𝜛(𝜃 ∗ 0) ≽ 𝑟𝑚𝑖𝑛{𝜋̃𝜛((𝜃 ∗ ℷ) ∗ 0), 𝜋̃𝜛(ℷ ∗ 0)}, 

𝜋̃𝜛(𝜃) ≽ 𝑟𝑚𝑖𝑛{𝜋̃𝜛(𝜃 ∗ ℷ), 𝜋̃𝜛(ℷ)} … … . . (1) , and 

𝛼𝜛(𝜃 ∗ 0) ≤ 𝑚𝑎 𝑥{𝛼𝜛((𝜃 ∗ ℷ) ∗ 0), 𝛼𝜛(ℷ ∗ 0)} 

𝛼𝜛(𝜃) ≤ 𝑚𝑎𝑥{𝛼𝜛(𝜃 ∗ ℷ), 𝛼𝜛(ℷ)} … … … (2) 

By (1) and (2) implying that 𝜛 = 〈𝜋̃𝜛, 𝛼𝜛〉  is a cubic BCK-ideal.  

The next example indicates that the converse of the above 

theorem does not hold. 

Example3. 6: Let ℵ = {0, 𝑙, 𝑚, 𝑛} be a set defined by the table 

below. 

Table 5: a Q-algebra. 

∗ 0 𝒍 𝒎 𝒏 

0 0 0 0 0 

𝒍 𝑙 0 0 𝑙 

𝒎 𝑚 𝑚 0 m 

𝒏 𝑛 n 𝑛 0 

The triple (ℵ,∗ ,0) is a Q-algebra. Define 𝜋̃𝜛(𝜃)ˑand  𝛼𝜛(𝜃) by 

Table 6: a cubic BCK-ideal. 

ℵ 𝝅̃𝝕(𝜽) 𝜶𝝕(𝜽) 

0 [0.1,0.8] 0.1 

𝒍 [0.1,0.2] 0.5 

𝒎 [0.1,0.4] 0.4 

𝒏 [0.1,0.5] 0.4 

We can simply prove that  𝜛 = 〈𝜋̃𝜛, 𝛼𝜛〉 is a cubic BCK-ideal 

but it is not a cubic Q-positive implicative ideal, since  

𝜋̃𝜛(𝑙 ∗ 𝑛) = [0.1,0.2] ≺ 𝑟𝑚𝑖𝑛{𝜋̃𝜛((𝑙 ∗ 𝑚) ∗ 𝑛), 𝜋̃𝜛(𝑚 ∗ 𝑛)}, 

𝛼𝜛(𝑙 ∗ 𝑛) > 𝑚𝑎𝑥{𝛼𝜛((𝑙 ∗ 𝑚) ∗ 𝑛), 𝛼𝜛(𝑚 ∗ 𝑛)}. 

Theorem 3. 7: Let (ℵ,∗ ,0) be a Q-algebra. If  𝜛 = 〈𝜋̃𝜛 , 𝛼𝜛〉 is a 

cubic Q-positive implicative ideal of ℵ, then 𝜛 = 〈𝜋̃𝜛 , 𝛼𝜛〉 is a 

cubic BCK-ideal and satisfying the condition 

 𝜋̃𝜛(𝜃 ∗ ℷ) ≽ 𝜋̃𝜛((𝜃 ∗ ℷ) ∗ ℷ)) , 𝛼𝜛(𝜃 ∗ ℷ) ≤ 𝛼𝜛((𝜃 ∗ ℷ) ∗
ℷ)), ∀𝜃, ℷ ∈ ℵ. 

Proof. Let 𝜛 = 〈𝜋̃𝜛, 𝛼𝜛〉 be a cubic Q-positive implicative ideal, 

then 𝜛 = 〈𝜋̃𝜛 , 𝛼𝜛〉 is a cubic BCK-ideal and taking 𝜖 = ℷ in 

definition 3.1. It follows that  

   𝜋̃𝜛(𝜃 ∗ ℷ) ≽ 𝑟𝑚𝑖𝑛{𝜋̃𝜛((𝜃 ∗ ℷ) ∗ ℷ), 𝜋̃𝜛(ℷ ∗ ℷ)} 

                    = 𝑟𝑚𝑖𝑛{𝜋̃𝜛((𝜃 ∗ ℷ) ∗ ℷ), 𝜋̃𝜛(0)} 

                    = 𝜋̃𝜛((𝜃 ∗ ℷ) ∗ ℷ)), and 

            𝛼𝜛(𝜃 ∗ ℷ) ≤ max{𝛼𝜛((𝜃 ∗ ℷ) ∗ ℷ), 𝛼𝜛(ℷ ∗ ℷ)} 

                           = max{𝛼𝜛((𝜃 ∗ ℷ) ∗ ℷ), 𝛼𝜛(0)} 

                          = 𝛼𝜛((𝜃 ∗ ℷ) ∗ ℷ)). □ 

Now, the following theorem explains the relationship between 

the cubic BCK ideal and the cubic Q-positive implicative ideal 

under certain conditions. 

Theorem 3. 8: Let 𝜛 = 〈𝜋̃𝜛, 𝛼𝜛〉 be a cubic BCK-ideal, then 

𝜛 = 〈𝜋̃𝜛, 𝛼𝜛〉 is a cubic Q-positive implicative ideal ⇔ The 

following condition holds, for each 𝜃, ℷ ∈ ℵ. 

 𝜋̃𝜛((𝜃 ∗ 𝜖) ∗ (ℷ ∗ 𝜖)) ≽ 𝜋̃𝜛((𝜃 ∗ ℷ) ∗ 𝜖),  𝛼𝜛((𝜃 ∗ 𝜖) ∗ (ℷ ∗
𝜖)) ≤ 𝛼𝜛((𝜃 ∗ ℷ) ∗ 𝜖). 

Proof. Let 𝜛 = 〈𝜋̃𝜛, 𝛼𝜛〉 be a cubic BCK-ideal satisfying the 

above condition, we have ∀𝜃, ℷ ∈ ℵ,   𝜋̃𝜛(𝜃 ∗ 𝜖) ≽

𝑟𝑚𝑖𝑛{𝜋̃𝜛((𝜃 ∗ 𝜖) ∗ (ℷ ∗ 𝜖)), 𝜋̃𝜛(ℷ ∗ 𝜖)}  

                 ≽ 𝑟𝑚𝑖𝑛{𝜋̃𝜛((𝜃 ∗ ℷ) ∗ 𝜖)), 𝜋̃𝜛(ℷ ∗ 𝜖)} 

and 𝛼𝜛(𝜃 ∗ 𝜖) ≤ 𝑚𝑎𝑥{𝛼𝜛((𝜃 ∗ 𝜖) ∗ (ℷ ∗ 𝜖)), 𝛼𝜛(ℷ ∗ 𝜖)}. 

                       ≤ 𝑚𝑎𝑥{𝛼𝜛((𝜃 ∗ ℷ) ∗ 𝜖)), 𝛼𝜛(ℷ ∗ 𝜖)}.  

Hence 𝜛 = 〈𝜋̃𝜛, 𝛼𝜛〉 is a cubic Q-positive implicative ideal. 

Conversely, let 𝜛 = 〈𝜋̃𝜛 , 𝛼𝜛〉  be a cubic Q-positive implicative 

ideal and it is a cubic BCK-ideal.  

Now, let 𝑚 = (𝜃 ∗ (ℷ ∗ 𝜖))  𝑎𝑛𝑑   𝑛 = 𝜃 ∗ ℷ, then   

𝜋̃𝜛((𝑚 ∗ 𝑛) ∗ 𝜖) = 𝜋̃𝜛([(𝜃 ∗ (ℷ ∗ 𝜖)) ∗ (𝜃 ∗ ℷ)] ∗ 𝜖) and by 

BCI 1
′ , we have 

𝜋̃𝜛([(𝜃 ∗ (ℷ ∗ 𝜖)) ∗ (𝜃 ∗ ℷ)] ∗ 𝜖) ≼ 𝜋̃𝜛 ((ℷ ∗ (ℷ ∗ 𝜖)) ∗ 𝜖) and 

by Proposition2.2, we get 

𝜋̃𝜛 ((ℷ ∗ (ℷ ∗ 𝜖)) ∗ 𝜖) = 𝜋̃𝜛((ℷ ∗ 𝜖) ∗ (ℷ ∗ 𝜖)) = 𝜋̃𝜛(0). Also,  

𝛼𝜛((𝑚 ∗ 𝑛) ∗ 𝜖) = 𝛼𝜛((𝜃 ∗ (ℷ ∗ 𝜖)) ∗ (𝜃 ∗ ℷ)) ∗ 𝜖) 

≤ 𝛼𝜛((ℷ ∗ (ℷ ∗ 𝜖)) ∗ 𝜖) = 𝛼𝜛((ℷ ∗ 𝜖) ∗ (ℷ ∗ 𝜖)) = 𝛼𝜛(0) 

It follows that, by applied proposition2.2 and the condition 𝑪𝒑𝟐 

we obtain 

 𝜋̃𝜛((𝜃 ∗ 𝜖) ∗ (ℷ ∗ 𝜖)) = 𝜋̃𝜛((𝜃 ∗ (ℷ ∗ 𝜖)) ∗ 𝜖) 
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                                    = 𝜋̃𝜛(𝑚 ∗ 𝜖) ≽ 𝑟𝑚𝑖𝑛{𝜋̃𝜛((𝑚 ∗ 𝑛) ∗
𝜖)), 𝜋̃𝜛(𝑛 ∗ 𝜖)} 

                                    = 𝑟𝑚𝑖𝑛{𝜋̃𝜛(0), 𝜋̃𝜛((𝜃 ∗ ℷ) ∗ 𝜖)} =
𝜋̃𝜛((𝜃 ∗ ℷ) ∗ 𝜖). Also,  

𝛼𝜛((𝜃 ∗ 𝜖) ∗ (ℷ ∗ 𝜖)) = 𝛼𝜛((𝜃 ∗ (ℷ ∗ 𝜖)) ∗ 𝜖) 

                                    = 𝛼𝜛(𝑚 ∗ 𝜖) 

                                    ≤ 𝑚𝑎𝑥{𝛼𝜛((𝑚 ∗ 𝑛) ∗ 𝜖)), 𝛼𝜛(𝑛 ∗ 𝜖)} 

                                    = 𝑚𝑎𝑥{𝛼𝜛(0), 𝛼𝜛((𝜃 ∗ ℷ) ∗ 𝜖)} =
𝛼𝜛((𝜃 ∗ ℷ) ∗ 𝜖). □ 

Definition 3.9. In a Q-algebra(ℵ,∗ ,0). The cubic set 𝜛 =
〈𝜋̃𝜛 , 𝛼𝜛〉 of ℵ is named a cubic Q-implicative ideal if  ∀ 𝜃, ℷ, 𝜖 ∈
ℵ 

(𝑪𝒊𝟏 )  𝜋̃𝜛(0)) ≽ 𝜋̃𝜛(𝜃)  and 𝛼𝜛(0) ≤ 𝛼𝜛(𝜃) 

(𝐂𝒊𝟐)  𝜋̃𝜛(θ ∗ (ℷ ∗ θ)) ≽ 𝑟𝑚𝑖𝑛{𝜋̃𝜛(θ ∗ (ℷ ∗ θ)) ∗ ϵ), 𝜋̃𝜛(ϵ)}, 

            𝛼𝜛(θ ∗ (ℷ ∗ θ)) ≤ 𝑚𝑎𝑥 {𝛼𝜛(θ ∗ (ℷ ∗ θ)) ∗ ϵ), 𝛼𝜛(𝜖)}. 

Theorem 3. 10: The cubic BCK-ideal of ℵ is a cubic Q-

implicative ideal if it satisfies the condition 

 𝜋̃𝜛(θ) ≽ 𝜋̃𝜛(θ ∗ (ℷ ∗ θ)) and 𝛼𝜛(θ) ≤ 𝛼𝜛(θ ∗ (ℷ ∗ θ)), 

∀ 𝜃, ℷ, 𝜖 ∈ ℵ 

Proof. Suppose 𝜛 = 〈𝜋̃𝜛, 𝛼𝜛〉  is a cubic BCK-ideal and satisfies 

the above condition, it follows that  

𝜋̃𝜛(θ) ≽ 𝜋̃𝜛(θ ∗ (ℷ ∗ θ)) ≽ 𝑟𝑚𝑖𝑛{𝜋̃𝜛(θ ∗ (ℷ ∗ θ)) ∗ ϵ), 𝜋̃𝜛(ϵ)} 

and  

𝛼𝜛(θ) ≤ 𝛼𝜛(θ ∗ (ℷ ∗ θ)) ≤ 𝑚𝑎𝑥 {𝛼𝜛(θ ∗ (ℷ ∗ θ)) ∗ ϵ), 𝛼𝜛(𝜖)}. 

Then  

𝜛 = 〈𝜋̃𝜛, 𝛼𝜛〉  is a cubic Q-implicative ideal of ℵ. □ 

Theorem 3.11: In a commutative Q-algebra ℵ. If 𝜛 = 〈𝜋̃𝜛 , 𝛼𝜛〉 
of  ℵ is a cubic positive Q-implicative ideal, then it is a cubic Q-

implicative ideal. 

Proof. Since ℵ is a commutative Q-algebra and by using Theorem 

3.8 and (Q3), we have 

 𝜋̃𝜛(𝜃 ∗ (𝜃 ∗ (ℷ ∗ 𝜃))) = 𝜋̃𝜛((ℷ ∗ 𝜃) ∗ ((ℷ ∗ 𝜃) ∗ 𝜃)) ≽

𝜋̃𝜛 ((ℷ ∗ (ℷ ∗ 𝜃)) ∗ 𝜃) 

= 𝜋̃𝜛(ℷ ∗ 𝜃) ∗ (ℷ ∗ 𝜃) = 𝜋̃𝜛(0). Also,  

𝛼𝜛(𝜃 ∗ (𝜃 ∗ (ℷ ∗ 𝜃))) = 𝛼𝜛((ℷ ∗ 𝜃) ∗ ((ℷ ∗ 𝜃) ∗ 𝜃))

≤ 𝛼𝜛 ((ℷ ∗ (ℷ ∗ 𝜃)) ∗ 𝜃) 

= 𝛼𝜛(ℷ ∗ 𝜃) ∗ (ℷ ∗ 𝜃) = 𝛼𝜛(0) 

By Theorem 3.5, we have  𝜛 = 〈𝜋̃𝜛 , 𝛼𝜛〉 is a cubic BCK-ideal, 

then  

𝜋̃𝜛(θ) ≽ 𝑟𝑚𝑖𝑛{𝜋̃𝜛((𝜃 ∗ (𝜃 ∗ (ℷ ∗ 𝜃))), 𝜋̃𝜛(𝜃 ∗ (ℷ ∗ 𝜃))} 

≽ 𝑟𝑚𝑖𝑛{𝜋̃𝜛(0), 𝜋̃𝜛(𝜃 ∗ (ℷ ∗ 𝜃))} = 𝜋̃𝜛(𝜃 ∗ (ℷ ∗ 𝜃)). Also,  

𝛼𝜛(θ) ≤ 𝑚𝑎𝑥{𝛼𝜛((𝜃 ∗ (𝜃 ∗ (ℷ ∗ 𝜃))), 𝛼𝜛(𝜃 ∗ (ℷ ∗ 𝜃))} 

= 𝑚𝑎𝑥{𝛼𝜛(0), 𝛼𝜛(𝜃 ∗ (ℷ ∗ 𝜃))} = 𝛼𝜛(𝜃 ∗ (ℷ ∗ 𝜃)). Therefore 

from theorem 3.10, we get 𝜛 = 〈𝜋̃𝜛, 𝛼𝜛〉 is a cubic Q-implicative 

ideal. □ 

Definition 3. 12: In a Q-algebra(ℵ,∗ ,0). The cubic set 𝜛 =
〈𝜋̃𝜛 , 𝛼𝜛〉 of ℵ is named a cubic Q-commutative ideal if  

∀ 𝜃, ℷ, 𝜖 ∈ ℵ 

(𝑪𝑪𝟏 )  𝜋̃𝜛(0) ≽ 𝜋̃𝜛(𝜃) ,  and 𝛼𝜛(0) ≤ 𝛼𝜛(𝜃) 

 (𝐂𝑪𝟐) 𝜋̃𝜛(𝜃 ∗ (ℷ ∗ (ℷ ∗ 𝜃))) ≽ 𝑟𝑚𝑖𝑛{𝜋̃𝜛((𝜃 ∗ ℷ) ∗

𝜖),    𝜋̃𝜛(𝜖)}, 

            𝛼𝜛(𝜃 ∗ (ℷ ∗ (ℷ ∗ 𝜃))) ≤ 𝑚𝑎𝑥 {𝛼𝜛((𝜃 ∗ ℷ) ∗ 𝜖), 𝛼𝜛(𝜖)}. 

Example 3.13: Let ℵ = {0, 𝑙, 𝑚, 𝑛} be a set an example 3.6. We 

can define 𝜋̃𝜛(𝜃)ˑand  𝛼𝜛(𝜃) by 

Table 7: a cubic Q-commutative ideal. 

ℵ 𝝅̃𝝕(𝜽) 𝜶𝝕(𝜽) 

0 [0.5,0.8] 0.2 

𝒍 [0.4,0.5] 0.3 

𝒎 [0.1,0.3] 0.5 

𝒏 [0.1,0.3] 0.5 

Then it is easy to prove that 𝜛 = 〈𝜋̃𝜛, 𝛼𝜛〉 is a cubic Q-

commutative ideal.  

Theorem 3.14: In Q-algebra ℵ. The cubic Q-ideal of ℵ is a cubic 

Q-commutative ideal if and only if it satisfies the two conditions, 

for each  θ, ℷ ∈ ℵ. 

 (a) 𝜋̃𝜛(𝜃 ∗ ℷ) ≼ 𝜋̃𝜛(𝜃 ∗ (ℷ ∗ (ℷ ∗ 𝜃))) and  (b)  𝛼𝜛(𝜃 ∗ ℷ) ≥

𝛼𝜛(𝜃 ∗ (ℷ ∗ (ℷ ∗ 𝜃)).  

Proof. Let 𝜛 = 〈𝜋̃𝜛, 𝛼𝜛〉  be a cubic Q-commutative ideal, then  

𝜋̃𝜛(𝜃 ∗ (ℷ ∗ (ℷ ∗ 𝜃))) ≽ 𝑟𝑚𝑖𝑛{𝜋̃𝜛((𝜃 ∗ ℷ) ∗ 𝜖), 𝜋̃𝜛(𝜖)}, and 

 𝛼𝜛(𝜃 ∗ (ℷ ∗ (ℷ ∗ 𝜃))) ≤ 𝑚𝑎𝑥 {𝛼𝜛((𝜃 ∗ ℷ) ∗ 𝜖), 𝛼𝜛(𝜖)}. Taking 

𝜖 = 0, we get 

𝜋̃𝜛(𝜃 ∗ (ℷ ∗ (ℷ ∗ 𝜃))) ≽ 𝑟𝑚𝑖𝑛{𝜋̃𝜛((𝜃 ∗ ℷ) ∗ 0),    𝜋̃𝜛(0)} =

𝜋̃𝜛(𝜃 ∗ ℷ). Also, 

𝛼𝜛(𝜃 ∗ (ℷ ∗ (ℷ ∗ 𝜃))) ≤ 𝑚𝑎 𝑥{𝛼𝜛((𝜃 ∗ ℷ) ∗ 0), 𝛼𝜛(0)} =

𝛼𝜛(𝜃 ∗ ℷ). 

Conversely, let  𝜛 = 〈𝜋̃𝜛 , 𝛼𝜛〉  be a cubic Q-ideal which satisfies 

the two conditions, then 

 𝜋̃𝜛(𝜃 ∗ ℷ) ≽ 𝑟𝑚𝑖𝑛{𝜋̃𝜛((𝜃 ∗ ℷ) ∗ 𝜖), 𝜋̃𝜛(𝜖)} and by substituting 

(a), we obtain 
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 𝜋̃𝜛(𝜃 ∗ (ℷ ∗ (ℷ ∗ 𝜃))) ≽ 𝑟𝑚𝑖𝑛{𝜋̃𝜛((𝜃 ∗ ℷ) ∗ 𝜖), 𝜋̃𝜛(𝜖)}, and 

𝛼𝜛(𝜃 ∗ ℷ) ≤ 𝑚𝑎𝑥{𝛼𝜛((𝜃 ∗ ℷ) ∗ 𝜖)), 𝛼𝜛(𝜖)}, substituting (b), 

we get 

 𝛼𝜛(𝜃 ∗ (ℷ ∗ (ℷ ∗ 𝜃))) ≤ 𝑚𝑎𝑥{𝛼𝜛((𝜃 ∗ ℷ) ∗ 𝜖)), 𝛼𝜛(𝜖)}, that is 

 𝜛 = 〈𝜋̃𝜛, 𝛼𝜛〉 is a cubic Q-commutative ideal. □ 

Theorem 3.15: In Q-algebra ℵ, the following statements are 

equivalent. 

(i) 𝜛 = 〈𝜋̃𝜛, 𝛼𝜛〉 is a cubic Q-commutative ideal of ℵ. 

(ii) Every nonempty cubic level set of 𝜛 = 〈𝜋̃𝜛 , 𝛼𝜛〉 is a 

commutative Q-ideal of ℵ. 

Proof. (i) ⟹(ii) Assume that 𝜛 = 〈𝜋̃𝜛 , 𝛼𝜛〉 is a cubic Q-

commutative ideal of ℵ. 

Let , ℷ ∈ ℵ , 𝑡̃ ∈ 𝐷[0,1] , 𝑟 ∈ [0,1]  𝑎𝑛𝑑 𝑈(𝜛, 𝑡̃, 𝑟) ≠ ∅.   

Let 𝜃 ∈ 𝑈(𝜛, 𝑡̃, 𝑟), then  𝜋̃𝜛(0) ≽ 𝜋̃𝜛(𝜃) ≽ 𝑡̃ and 𝛼𝜛(0) ≤
𝛼𝜛(𝜃) ≤ 𝑟.  

Thus,  0 ∈ 𝑈(𝜛, 𝑡̃, 𝑟).  

Let 𝜃, ℷ, 𝜖 ∈ ℵ  such that ((𝜃 ∗ ℷ) ∗ 𝜖) ∈ 𝑈(𝜛, 𝑡̃, 𝑟) and 𝜖 ∈
𝑈(𝜛, 𝑡̃, 𝑟). Then, 

 𝜋̃𝜛((𝜃 ∗ ℷ) ∗ 𝜖) ≽ 𝑡̃ , 𝛼𝜛(𝜃 ∗ ℷ) ∗ 𝜖) ≤ 𝑟 and 𝜋̃𝜛(𝜖) ≽ 𝑡̃ , 

𝛼𝜛(𝜖) ≤ 𝑟.  

It follows that 𝜋̃𝜛(𝜃 ∗ (ℷ ∗ (ℷ ∗ 𝜃))) ≽ 𝑟𝑚𝑖𝑛{𝜋̃𝜛((𝜃 ∗ ℷ) ∗

𝜖), 𝜋̃𝜛(𝜖)} = 𝑟𝑚𝑖𝑛{𝑡̃, 𝑡̃} = 𝑡̃ and 

 𝛼𝜛(𝜃 ∗ (ℷ ∗ (ℷ ∗ 𝜃))) ≤ 𝑚𝑎 𝑥{𝛼𝜛((𝜃 ∗ ℷ) ∗ 𝜖), 𝛼𝜛(𝜖)} =

max{𝑟, 𝑟} = 𝑟.  

Therefore ((𝜃 ∗ (ℷ ∗ (ℷ ∗ 𝜃))) ∈ 𝑈(𝜛, 𝑡̃, 𝑟) and by definition 

2.13, then 𝑈(𝜛, 𝑡̃, 𝑟) is a commutative Q-ideal. 

(ii) ⟹(i)  

Let 𝑈(𝜛, 𝑡̃, 𝑟) ≠ 𝜑 and it is a commutative Q-ideal of ℵ, for all 

𝑟 ∈ [0,1] and 𝑡̃ ∈ 𝐷[0,1].   

Assume that  𝜋̃𝜛(𝜃) = 𝑡̃ and 𝛼𝜛(𝜃) = 𝑟 , for any 𝜃, ℷ ∈ ℵ.  

Since, 0 ∈ 𝑈(𝜛, 𝑡̃, 𝑟), then 𝜋̃𝜛(0) ≽ 𝑡̃ = 𝜋̃𝜛(𝜃) and 𝛼𝜛(0) ≤
𝑟 = 𝛼𝜛(𝜃) , for all 𝜃 ∈ ℵ. Hence (𝑪𝑪𝟏 ) hold. 

 For any 𝜃, ℷ, 𝜖 ∈ ℵ, let  𝑡̃ = 𝑟𝑚𝑖𝑛{𝜋̃𝜛((𝜃 ∗ ℷ) ∗ 𝜖), 𝜋̃𝜛(𝜖)} and 

𝑟 = 𝑚𝑎𝑥{𝛼𝜛((𝜃 ∗ ℷ) ∗ 𝜖), 𝛼𝜛(𝜖)}. Then, 𝜋̃𝜛((𝜃 ∗ ℷ) ∗ 𝜖) ≽ 𝑡̃, 

𝜋̃𝜛(𝜖) ≽ 𝑡̃ and 𝛼𝜛((𝜃 ∗ ℷ) ∗ 𝜖) ≤ 𝑟, 𝛼𝜛(𝜖) ≤ 𝑟, that is ((𝜃 ∗

ℷ) ∗ 𝜖) ∈ 𝑈(𝜛, 𝑡̃, 𝑟) and 

 𝜖 ∈ 𝑈(𝜛, 𝑡̃, 𝑟). It follows from hypothesis that (𝜃 ∗ (ℷ ∗ (ℷ ∗
𝜃)) ∈ 𝑈(𝜛, 𝑡̃, 𝑟).  

Thus 𝜋̃𝜛(𝜃 ∗ (ℷ ∗ (ℷ ∗ 𝜃))) ≽ 𝑡̃ = 𝑟𝑚𝑖𝑛{𝜋̃𝜛((𝜃 ∗ ℷ) ∗

𝜖), 𝜋̃𝜛(𝜖)} and  

𝛼𝜛(𝜃 ∗ (ℷ ∗ (ℷ ∗ 𝜃))) ≤ 𝑟 = 𝑚𝑎 𝑥{𝛼𝜛((𝜃 ∗ ℷ) ∗ 𝜖), 𝛼𝜛(𝜖)}. 

Therefore, 𝜛 = 〈𝜋̃𝜛 , 𝛼𝜛〉 is a cubic Q-commutative ideal. □ 

5 Discussion and Conclusion 

      This study explored various types of cubic ideals in Q-

algebra, specifically focusing on (the cubic Q-positive 

implicative, the cubic Q-implicative, and the cubic Q-

commutative) ideals. It discusses several important properties of 

these ideals and presents a few relationships among them.  

In our work, the relationship between the three ideals (cubic Q-

positive implicative, cubic Q-implicative and a cubic Q-

commutative ideal) is as follows: 

1- In a commutative Q-algebra ℵ. If 𝜛 = 〈𝜋̃𝜛 , 𝛼𝜛〉 is a 

cubic positive Q-implicative ideal, then it is a cubic Q-

implicative ideal. However, the converse does not hold. 

2- There is no connection between cubic positive Q-

implicative ideals and cubic Q-commutative ideals, nor 

is there a relationship between cubic Q-implicative 

ideals and cubic Q-commutative ideals. 

3-  Any cubic Q-positive implicative ideal of ℵ is a cubic 

BCK-ideal, yet the converse statement is not true.  

4- It has also been established that under certain conditions, 

a link exists between cubic BCK ideals and cubic Q-

positive implicative ideals. 

In the future, we may be able to study the following ideas: a cubic 

of soft fuzzy ideal, a cubic neutrosophic ideal and a graph of a 

cubic fuzzy ideal in Q-algebras, drawing on research such as [29, 

30, and 31].  
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